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TO THE REVEREND 


J. PRIESTLEY, II. P. F. R. s. &c. 


SIR, 
HE publication of the following treatiſe 

is owing to your kind encouragement 

and approbation ; and I am happy to em- 
brace this opportunity of teſtifying the high 
ſenſe I entertain of your condeſcending po- 
liteneſs and attention. Whilſt you are en- 
larging the bounds of ſcience by your numer- 
ous and important diſcoveries, you are equally | 
deſirous of promoting every other laudable 
purſuit and uſeful undertaking. And to this 
amiable diſpoſition the world is no lefs in- 
debted than to your diſtinguiſhed and emi- 
nent abilities: the one commands our ef- 
teem and regard, the other our admiration, 
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1 
Permit me, therefore, Sir, as a ſincere tribute 


10 your merit, to inſcribe to you this com- 


pendium, and to aſſure you, that 


I am, 
With the higheſt reſpect, 


Your moſt obedient and 


obliged humble ſervant, 


JOHN BONNYCASTLE, 


PREFAT.E: 


* E powers of the mind, like thoſe of the body, 
are increaſed by frequent exertion; application 
and induſtry ſupply the place of genius and invention; 
and even the creative faculty itſelf may be ſtrengthened 
and improved by ule and perſeverance, Unucaltivated 
nature is uniformly rude and imbecile, it being by 
imitation alone that we at firſt acquire knowledge, 
and the means of extending its bounds, A juſt and 
perfect acquaintance with the fimple elements of ſci- 
ence, is a neceſſary ſtep towards our future progreſs 
and advancement; and this, aſſiſted by laborious in- 
veſtigation, and habitual inquiry, will conſtantly lead 
to eminence and perfection. 

Books of rudiments, therefore, conciſely written, 
well digeſted, and methodically arranged, are treaſures 
of ineſtimable value; and too many attempts cannot 
de made to render them perfect and complete. When 
the firſt principles of any art or ſcience are firmly 
hxed and rooted in the mind, their application ſoon 
becomes eaſy, pleaſant, and obvious; the underſtand— 
ing is delighted and enlarged ; we conceive clearly, 
reaſon diſtinctly, and form juſt and ſatis factory con- 
cluſions. But, on the contrary, when the mind, in- 
ſtead of repoſing cn the Rability of truth ard received 
principles, is wandering in doubt and uncertainty 
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our ideas will neceſſarily be confuſed and obſcure ; 
and every ſtep we take muſt be attended with freſh 
difficulties and endleſs perplexity. 


That the grounds, or fundamental parts, of every 
ſcience, are dull and unentertaining, is a complaint 
univerſally made, and a truth not to be denicd ; but, 
then, what 1s obtained with difficulty is uſually remem- 
bered with eaſe; and what is purchaſed with pain is' 
poſſeſſed with pleaſure, The ſeeds of knowledge are 
ſown in every ſoil, but it is by proper culture aloce 
that they are cheriſhed and brought to maturity. A few 
years of early and aſſiduous application, never fails of 
procuring us the reward of cur irdufiry; and who is 
there, who knows the pleaſures and advantages which 
the ſciences afford, that would think his time miſ- 
{pent, or his labours uſcleſs? Riches and honours are 
the gifts of fortune, caſually beſtowea, or hereditarily 
received, and are frequently abuſed by their poſſeſſors; 
but the ſuperiority of wiſdom and knowledge is a pre- 
eminence of merit, which originates with the mag, and 
is the nobleſt of all diſtinctions. 

Nature, bountiful and wiſe in fall things, has pro- 
vided us with an infinite variety of ſcenes, both for our 
inſtruction and entertainment; and, like a kind and 
indulgent parent, admits all her chilcren to an equal 
participation of her blefings. But, as the modes, 
ſituations, and circumſtances of life are various, ſo ac- 
cident, habit, and education, have cach their predo— 
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minating inſſuence, and give to every mind its parti- 
cular bias. Where examples of excellence are wanting, 
the attempts to attain it are but few; but eminence 
excites attention, and produces imitation, To raiſe 
the curioſity, and to awaken the liſtleſs and dormant 
powers of younger minds, we have only to point out 
to them a valuable acquiſition, and the means of ob- 
taining it. The active principles are immediately 
put into motion, and the certainty of the conqueſt is 
enſured from a determination to conquer, 

But, of all the ſciences which ſerve to call forth this 
ſpirit of ente: priſe and enquiry, there are none more 
eminently uſeful than the Mathematics, By an early 
attachment to theſe elegant and ſublime ſtudies, we 
acquire a habit of reaſoning, and an elevation of 
thought, which fixes the mind, and prepares it for 
every other purſuit, From a few ſimple axioms, and 
evident principles, we proceed gradually to the moſt 
general propoſitions, and remute analogies : deducing 
one truth from another, in a chain of argument well 
connected and logically purſued; which brings us at 
laſt, in the moſt ſatis factory manner, to the concluſion, 
and ſerves as a general direction in all our 1nquirics 
after truth. 

And it is not only in this reſpe& that mathematical 
learning is ſo highly valuable; it is, likewiſe, equally 
eſtimable for its practical utility. Aimolt all the 
works of art, and devices of man, have a dependence 

upon us principles, and are indebted to it for their 
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origin and perfection. The cultivation of theſe ad- 
mirable ſciences is, therefore, a thing of the utmoſt 
importance, and ought to be conſidered as a principal 
part of every liberal and well- regulated plan of educa. 
tion. They are the guide of our youth, the perfection 
of our reaſon, and the foundaunon of every great and 
noble undertaking. 

From theſe conſiderations, I have been induced to 
undertake an introdutory courſe of mathematical 
ſcience; and, from the kind encouragement which I 
have hitherto received, am not without hopes of a con- 
tinuance of the ſame candour and approbation. Con- 
fiderable practice as a teacher, and a long attention to 
the difficulties and obſtructions which retard the pro- 
preſs of learners in general, have enabled me to ac- 
commodate myſelf the more eaſily to their capacities 
and underſtandings, And as an carneſt defire of pro- 
moting and diffuſing uſeful knowledge is the chict 
motive for this undertaking, ſo no pains or attention 
ſhall! be wanting to make it as complete and perfect as 
poſſible, 

The ſubject of the preſent performance is ALct- 
„RA; Which is one of the moſt important and uſeful 
branches of thoſe ſciences, ard may be juſtly conſider- 
ed as the key to all the reſt. Geometry delights us by 
the fimplicity of its principles, and the elegance of its 
demonſtrations. Arithmetic is confined in its object, 
and partial in its application: but Algebra, or the 


analytic art, is general and comprehenſive, and may 
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be applied wich ſucceſs in all caſes where truth is to be 
obtained and proper data can be eſtabliſhed, 

To trace this ſcience to its birth, and to point out 
the various alterations and improvements it has un- 
dergone in its progreſs, would far exceed the limits 
of a preface, It will be ſufficient to obſerve that the 
invention is of the higheſt antiquity, and has chal- 
lenged the praiſe and admiration of all ages. Dio- 
phantus appears to have been the firſt, among the an- 
cients, who applied it to the ſolution of indeterminate 
or unlimited problems; but it is to the moderns that 
we are principally indebted for the molt curious re- 
finements of the art, and its great and extenſive uſe- 
fulneſs in every abſtruſe and difficult inquiry. Neacton, 
Maclaurin, Sanderſon, Simp/on, and Emerſon, are thoſe, 
of our own countrymen, who have particularly ex- 
celled in this ieſpect; and it is to their works that I 
would refer the young ſtudent, as the patterns of ele- 
gance and perfection. 

The following compendium is formed entirely upon 
the model of thoſe writers, aud is intended as an uſeful 
and neceſſary introduction to them, Almoſt every 
ſubj-&, which belongs to pure Algebra, is conciſely 
and diſtinctly treated of; and no pains have been 
!pared to wake the whole as eaſy and intelligible as 
poſkole. A great number of elementary books have 
al:-cady been written upon this ſubje& ; but there are 
none, which I have yet ſeen, but what appear to me to 
be extremely defeQive, Beſides being totally unfit for 
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the purpoſe of teaching, they are generally calculated 
to vitiate the taſte, and miſlead the judgment. A 
tedious and inelegant method prevails through the 
whole, ſo that the beauty of the ſcience is generally 
deſtroyed by the clumſy and awkward manner in which 
it is treated; and the learner, when he is afterwards 
introduced to ſome of our beſt writers, is obliged to 
unlearn and forget every thing which he has bcen at ſo 
much pains in acquiring. 

It is in the ſciences as in every branch of polite 
literature; there is a certain taſte and elegance which 
is only to be obtained from the beſt authors, and a 
judicious. uſe of their inſtructions. To direct the ſtu- 
dent in his choice of books, and to prepare him pro- 


perly for the advantages he may receive from them, 


15,*therefore, the buſineſs of every writer who engages 
in the humble, but uſeful] taſk of a preliminary tutor. 
This information I have been careful to give, in every 
part of the preſent performance, where it appeared 
to be in the leaſt neceſſary; and, thought the nature 
and confined limits of my plin admitted not of diffuſe 
obſervations, or a formal enumeration of particulars, 
it is preſumed nothing of real uſe and importance has 
been omitted, My principal object was to conſult the 
eaſe, ſatis faction, and accommodation of the learner ; 
and the favourable reception the work has met with 
from the public, has induced me to give th13 edition an 
attentive and careful reviſal. 
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DEFINITIONS. 


AEGEBRA is the art of computing by ſym- 


bols. 

1. Like quantities are thoſe which conſiſt of the ſame 
letters. 

2. Uniike quantities are thoſe which conſiſt of different 
letters. 

3. Given quantities are thoſe whoſe values are 
known. 

4. Unkrown quantities are thoſe whole values are 
unknown. 

5. Simple quantities are thoſe which conſiſt of one 
term only. 

6. Compound quantities are thoſe which conſiſt cf ſe- 
veral terms. 

7. Peſitiue or affirmative quantities are thoſe which 
are to be added. 

8. Negative quaniiiits are thoſe which are to be ſub- 
tracted, | 

9. Lile fs are all afiirmative (+), or all nega- 
tive (—). 

10. Uz/ike ſigns are when fome are affirmative (+) 
and others negative (—). 

11. Phe co-efficient of any quantity, is the number 
prefixed to it. 

B 


4 EXPLANATION OF 


12. 4 binomial quantity is one conſiſting of two 
terms; a trinomiol of three terms; a quadrincmial of 
four, &*. 

13. A reſidual quantity is a binomial where one of the 
terms 15 negative, | 


bg. The power of a quantity is its ſquare, cube, bi- 
quadrate, &c. 


15. The index or exponent of a quantity is the number 
which denotes its root or power. 

16, A ſurd or irrational quantity is that which has no 
exact root, 

17. A rational quantity is that which has no radical 
ſign (V) or index annexed to it. 

18. The reciprocal of any quantity is that quantity 
inverted, or unity divided by it. 


EXPLANATION OF THE CHARACTERS, 


+ Is the ſign of addition. 

— of ſubtraction. 
— of multiplication. 
— of diviſion. 

*: 5; of proportion. 
—— of the {quare root. 
— of the cube root. 
— of equality, 


„ 


I us, 44 5 ſhews that the number repreſented by 5 
to be added to that repieicnted by a. 

a—} ſhews that the number repreſented by & is to be 
ſubtracted from that repreſented by 4. 

ab repreſents the difference of @ and b when it is 
not known which is the greateſt. 

ab, or axb, or a.b, denotes the product of the num - 
bers cepreſeried by @ and 6. 
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THE CHARACTERS. 


4 


a—b, or =, ſhews that the number repreſented by a 


is to be divided by that repreſented by 5. 

a? b : c 14 denotes that a is in the ſame 
proportion to & as c is to 4. 

x=a—b+c is an equation, ſhewing that x is equal 
to the difference of à and &, added to the quantity c. 


I E , 
Va, or a*, is the ſquare root of a; Va, or 4, 1s 


| L 
the cube root of a; and a is the th root of a. 
a* is the ſquare of a; «* the cube of a; 4 the fourth 
power of a; and au the th power of a, 
a 


5 is the reciprocal of 2 and che reciprocal of a. 
a a 


a+bXc, or (a-+b) eis the product of the compound 


quantity 24 wultipiied by the ſimple quantity c. 
o of 225 4s the 
46 — 


quotient of a+ divided by a—$6, 


V Tor (ab-+ia)* is the ſquare root of the 
compound quantity ab + cd, 


a-+b—c* or (a+b—cY is the cube, or third power, 


of the quantity a+ -c. | 

5a denotes that the quantity à is to be taken 5 times, 
and 7{b6+c) is 7 times Ye. | 

It is alſo to be remarked that the fign + is generally 
expreited by the word plus, or more, and the fign —, by 
7in4$s, Or 105. 

And, in the computation of problems, it muſt be 
obſerved, that the firtt letters of the alphabet are uſually 


put for known quantities, and the laſt for thoſe which. 


are unknown, 
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Ty add quantities which are like, and have like ſigns. 


common gn. 


CASE 


RULE, 


Add all the co-efficients together, and to their ſum 
adjoin the letters common to each term, prefixing the 


I, 


= >. 


[2 
45 
S 
* *. 
1 
2 
* 
# 
I 
4 
4 
. 
8 
- 
mY 
57 
2 
oF + 
" 
. 
1 
FLY 
92 
1 * 
® ; 
. " 
BY 
7 * 
LI 


EXAMPLES?, 
ca — 6 bx 8 bxy 
7a — 3 bx 75 
$a — 2 by 3 bxy 
10 4 — 7 bx 4 bxy 
2 & — bx 5 bxy 
a —5 bx bxy 
33 a — 24 bx 28 bay 
2y 5 x*+5 xy 7 ax——4 y 
5 y 3x*+2 xy 8 ax—3 y 
7y x*+ 3 xy ax—2 5 
4 1x*+8 xy 4 ax—} y 
35 K ＋ * 2 4a —2 5 
21 y 1724 190 2744145 


* When a leading quantity has no fign before it, + is always 
underſtood ; and a quantity without any co- efficient pretixed to it 


is luppoſed to have 1, or unity. 
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ADDITION. 5 
6 xy — 5 a—4 5 
15 xy —8 y* 74—5 b 
2 xy N 44—3 
7 xy — y* 2 a—Yb 
xy —65 * 6a— 6 
xy — 7 3 Az b 
* 20—15 * 2 xy 7 x1—;x+3 ab 
$5123 x?—4 * | 3 xj— x+2 ab 
18—12 K —3 xy 2 xjy—3 x +2 ab 
12—14 * —8 xy 2 x5y—4 x +8 ab 
10—28 x*—2 xy 5 xy3—3 x+ ab 
CASE II. 


To add quantities which are like, but have unlike ſigns, 


RULE, 


1. Add all the affirmative co-efficients into one ſum, 
and all the negative ones into another, 

2. Subtract the leaſt of theſe ſums from the greateſt, 
and to the difference prefix the fign of the greateſt, with 
the common quantity. 


er. 


* Quantities, having fractional or other exponents, are to be 


conſidered, in all reſpects, as if they were expreſſed by a ſingle 


letter. . 
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ADDITION. 


EXAMPLES, 


+8 ax* + 6x3 + 8y 
2 — 3x" +77 
w_ll —13 * + by 
—4.ax + 2x%—3y 
+ 4 ax* + a%—y 


— Ga — y—3 aa? 


+ 104/ax +5 y+ 4 ax 


— 


we 
3 
1 
7 
* 
ff 
Py 
8. 
3 
=, - + 
ih DH 
"3. 
"<3 
1 
7A 


AER £1 
> 


FE r * i 1 1 EINE” 
= « * ad o * 0 
: 2 . N vs 3 
** 1 * * 4 2 © IE was 8 * 
n 2626314 3 Def N 


„ 8 
543.4 RT WE 


Hog 


— — 
=. 2 * 
ll an Heer 


e 


bs Ls 


. iT ²˙ U—ᷣ—TH 8 
PF , Wk * os 1 8 3 * n % 
. % , . 3 * 


15 
2 


* * 


N. Ae 


8 
2 o N 285 


— — 
_ oF; * —_ . 5 b 8 ? 4 - ; 1 9 IS POS EF 
* Er SE 2 4h 3 2 1 ö * . 
9 5 8 aa 2 6 ths 1 0," 32 : 4 — 
e 1 FD ö 


CASE III. 


To add quantities which are unlike, and have unlike ſigns, 


RULE. 


Colle all the like quantities together by the laſt rule, 
and fet down thoſe that are unlike, one after another, 
with their proper ſigns, 


EXAMPLES, | 
xy 2xy—10x? Zax—150+ 2x3 
44x —zx* +ay 3x* + 2ax + 6x* 
—_ gaxy—3zx? +50 
— 14x —xy +ga* a x + LOC—; x 
42y xy—1 2 x* gax+4x*+5xy 


GK 272 12 ax—=x* 6+ 204/ ax—7 y 


—4 4 ax +ay x+ 4Y3y+3Y 
—24aXxy 3% — y— 2Yax—;y 
—Z3ay 2 x*—24 20+ 3 4Yax—?y 


3 xy 24/x — 85 a — 8 + xi—2 


—2 xy* 3 Vay loox a —1lO+at—r 
—3 y*x 2x TVA x —a* + 8—4 
S .. — 8+ yy e Ron 


— 


— 


— - 
—— — — — * 
0 — 
— — 
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SUBTRACT HEFO:N: 


RULE, 


Change the figns of all the quantities to be ſubtracted, 


or conceive them to be changed, and then collect the 


different terms together as in addition, 


ga*—26 
2a*—56 


34 + 36 


gay—8 
—y +8 


41 6 


Cx 
*. 


39 20 
. 


EXAMPLES. 


6\ *—8y-+3 590 —2484a—5 
2 19—2 30—8—84—35 


45% —179+5 2xy + 6+ 16x 25 


29% —y—] —0—8x—3zxy 
r nd 3 Frans, «4 


„- 2 —13—2—4xy +40 


4M xy—xs/xy Fa*+ fa—B—46 


— 


2 NY t 6A —10 444 — 4 


4 —3. (a T axy%+10a/(2y-þ10) 
3x*—8. (a-+6) x*)* + 249% (xy+10) 
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| CASE I. 

4 When both the factors are ſimple quantities. 


f RULE. 


_ Multiply the co-efficients of the two terms together, 
1 and to the product aftix all the letters in thoſe terms, 
and the reſult will be the whole product required. 


9 EXAMPLES» 
; 124 —24 54 —9 
; 36 + 46 — ͤ —56 
4 3643s —846 —;oax 445 
9 7ab Gar — r —7 
] — — 9 2 
3 
1 see zn ay +729 
— ax ax + 59 —7 2 
3* —7b —3 — 


3ax x*y* + 2ax 2ax* 


* That like ſigns make +, and unlike ſigns —, in the product, 
may be ſhewn thus ; 

iſt, When -+a is to be multiplied by +65; this implies that 4 

a 


| 10 MULTIPLICATION. 


| CASE II. 
I hen one of the fafers is a compound quaniity, 


RULE. - 


Find the produQts of the multiplier, and every term 
of the mulciplicand, ſeparately, and place them one after 
another, with the proper ſigns, and the reſult will be the 


— . - — 
_ 


i whole product required. 
1 | EXAMPLES, 
4 4a—2b Gxy—8 a— 24K ＋4 6 
1 3a 2X xy 
k 3 124a*—tbab 12x*—16x a*xy—2zx*% + 6ay 
if 133—ab g5x—a 3z—8+2xy 
18 124 — xy 
2x*+ ay 124-4) 25 —8x*—7x 
2 —2 a" zy 


——— 


ls to be taken as many times as there are units in 5; and, ſince the 
lum of any number of affirmative terms is affirmative, it is plain 
that (TAX (TO) = at, 

2. If two quantities are to be multiplied together, the reſult 
will be exactly the ſame, in whatever order they are placed; 
for a times & is the ſame as 4 times 3; and, therefore, 

WII 


S _ * 
* , P x * 2 : 2 4 2 . . 
88 = Gt Loft 2 4 A - » Ste? FR R as auth i Cs” 2 4 4 4 . "% 
- d „ N - 5 6 4 * + Sa A”. Fs. . A > $4 ws 075 2 g * * ; g 2 1 
SENG ee n 3 
3 7 2 4 . WO a * 4 d + Tbs 17> 4 OY 
7 * * Low 8 FEET. A. wn. 2 1 4 T4 "I" by * 
. 4 4 1 . n 
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CASE III. 
When loth the factors are compound quantities. 


RULE, 


Multiply every term of the multiplier into every term 
of the multiplicand reſpectively, and ſet down the pro- 
ducts one after another with their proper ſigns, and their 
ſum will be the whole product required, 


x+y Sx+4y 8 
x+y Jxa—2Y a—y 
x*+ xy 15x*+ 12xy & +a —ay? 


xi yermay" +y* 


+xy +5" —10xy—?y* 


x*+ zA Th 15x*+ 2xy—8z* x3 F—2x95* +3 


x+y ** +y x* + xy +5* 
X—y x*+y * —y 
* * + yx* * + xy + xp? 
5 2 2 2 2 2 3 
— f — 
e x* + 2yx* + y* X51. ney? 


— —— 


| ———_— — * 


when —a is to be multiplied by +5, or +6 by —a, this is the 
ſame as taking —a as many times as there are units in +6; and 
fince the ſum of any number of negative terms is negative, it is 
evident that (-a) X() or (4+ bx (—a) =—ab. 

3. When —a is to be multiplied by —b6: Here a- a go, 
therefore (a—a) x —b is, alſo So, becauſe o multiplied by any 
quantity produces o; and ſince the firſt term of the product, or 
4X(—b), is, by caſe 2, =—ab, the laſt term, or (—a) x (—b), 
muſt be Aab, in order to make the ſum (—ab+ab)=0o; conſe- 


quently () x (—b) =+ abe © 
6 


; 
i 
| 
ſ 


— — ————— —— 
— -_ — . — b 
; „% — — —— 


| 0 


12 MULTIPLICATION. 


EXAMPLES FOR PRACTICE. 


1. Multiply 12ax by 3a. Anſ. 36a* x. 
2. Multiply 4x*—2y by 2. Anſ. 8x*Y—43*. 
. Multiply 2x+ 4y by 2x—4y. Anſ. 4x*—16y*, 
. Multiply x*—xy +5* by x +». Anſ. a. 
. Multiply x* + x* +a3* by x—y. Anſ. xa*—p, 
Multiply z* + xy +5* by x*—xy+*. 

Multiply 3x*—2xy +5 by x* + 2xy—3. 

. Multiply 2a*—3ax+4x* by 5a*%—bax—2x?. 

. Multiply 3à ＋ 2x%*+ 337 by zx*—3x%* +5537, 


\O 98 S Þ 


DIS IO. 


CASE I. 
I ben the diviſor is a ſimple quantity. 


RULE. 


1, Place the dividend above a ſmall right line, and 
the deviſor under it, in the manner of a vulgar fraction. 

2. Expunge thoſe letters which are common to both 
the dividend and diviſor, and divide the co-efficients of 
all the terms by any number that will divide them with- 
out a remainder, and the reſult will be the quotient re- 
quired. | 

Note*, Like ſigns make +, and unlike ſigns —, the 
ſame as in multiplication. 


— 


* That like ſigns give +, and unlike ſigns — in the quotient 
will appear thus : 

The diviſor multiplied by the quotient muſt produce the dividend; 
therefore, 


1. When 


* 
* . „ 0 N my 
1 * 8 8 . en > 


EXAMPLES. 


. It is required to find the quotient of a a; 
S 26; and abe=-bed, 


a 8be abe a 
7 a ; 2b * and bed 4 


2. It is required to find the quotient of 12 % CG 
and (ab +6*) 26. 


I2xy 2y ab+b* 445 
1 da = x? 0 1 

3. Divide 18 by Or. Auſ. 2x. 
4. Divide 10x%* by —5;a%, Anſ. —2y. 
5, Divide —gax?y* by gx?y. Anſ. —ay. 
b. Divide —8x* by —2x. Au. +4x. 
7. Divide 10ab-+ 15ac by 5a. Anſ. 2b + 3c. 
8. Divide 30ax—;4r by 6x. Anſ. 54a—9. 


9. Divide 10x%—15 y*—;y by 5. 
Arſe. 2X —35—1. 
110, Divide 13a+3ar—17a* by 213. 
11. Divide 34*—15 + 6a 36 by za. 


CAS E II. 
I} hen the diviſor and dividend are both compound quantities, 


RULF, 


1. Range the terms of both the quantities accord- 
ing to the dimenſions of ſome letter in them, ſo that 


the 


— — — 
* 


1. When both the terms are 4, the quotient is +, becauſe 
(+) x(+) produces ++ in the dividend, 
2. When they are both —, the quotient is alſo +, « becauſe 


- (+)x(+) produces — in the dividend, 


3. When one of them is + and the other —, the quotient is 
—, becauſe (-) (+) produces — in the dividend ; and () x (—) 
produces + in the dividend, 

C 


+ 


14 DIVISION. 


the firſt term may contain the higheſt power of that 
letter, the ſecond term, the next higheſt power; and 
ſo on. 

2. Divide the firſt term of the dividend by the 
firſt term of the diviſor, and place the reſult in the 
quotient. 

3. Multiply the whole diviſor by the term thus found, 
and ſubtract the reſult from the dividend. 

4. To this remainder bring down as many terms of 

the dividend as are requiſite for the next operation, 
and divide as before; and ſo on, as in common arith- 
metic. . 
Note. If the diviſor be not exactly contained in the 
dividend, the quantity which remains after the opera- 
tion 1s finiſhed, muſt be placed over the diviſor, like 
a vulgar fraction, and ſet down at the end of the quo- 
tient, as in common arithmetic. 


EXAMPLES. 


x +y)x*+ 2xy +3" (x + 
K* + xy 


xy + * 
xy +y* 


* 


„. EX) + ga*x+ax*+a"(a*+4arþ x* 


a? ＋ a*x 


44% x + S 
4a*x + 4ax* 


ax* + x* 
ax + x* 


Py 


DIVISION. Is 


eee 
} M 


& —3 * 


fx) 3x (a* + ax + x? 
QI ma? c 
—__— 
3 
a -& 
— 
ax - x a 
ax — * 
— — yl— 


* 


— 5 


— 
— — — — rear 


_ 


5 2. 21 
b%—b3y 


55 l 
7 os Mamas 


n I TY OY TOE ERS. * * 
r „ 
2 2 — FI. 5 E 8 8 
1 FF. 


1 


2 


— Www 


lit 5 
{ 
7 


improper fraction required. 


fractions. 
374 26 


0 FRACTIONS. 4 
FXAMPLES FOR PRACTICE. a 
. Divide 2 Ta by a+x. Ai. a+-. 
Divide 4-34 + 3 = by -. 
Anſ. a*—2ay . 
Divide 1 by 1—x. Anſ. 1+ x+x*+ 13, &c. 
Divide 64%—96 by 3x—6. | 
Anſ. ꝛ2* + 4x*+8x +160, © 
. Divide a -g i, -i + gaxt—.5 _ 4 
by a - Tx. Anſ. a- aνι + ͤ— 3. 2 
. Divide 483 —76⁹⏑ —-54 + 10547 ο a- za. 5 
Divide 2 35% — % by „ —3 %% ⁹ f © 
— , 


ALGEBRAIC FRACTIONS. 


PROBLEM I. A 

. : ; ; 1 

To reduce a mixed quantity to an improper fraction. 4 
RULE. 2 

Multiply the integer by the denominator of the frac- ; 1 
tion, and to the product add the numerator; and the 
denominator being placed under this ſum, will give he 


EXAMPLES, 


1. Let 3 and — be reduced to improper 


Aud, a =. Ree ==, Anſ. 


c 


33 


. k * wenn 1 
r 


PT 


, 
5 D * R * " 2 EM 4 m 
w- . l 0 W . r . 
'S- 4 - Ws 4 % SC * 1 * , "of 5 3 . . A 5 N * 
8 N r K N 2 ˙ 8 — Ps If +, 72 ; _— 
[ Nb * 3 tr er. ASTD 2 . . A a r 
* * "3 . . * * he a - e ua. 4 
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2 2 


2 
2. Let x+— and x—= be reduced to impro- 


x 
per fractions. 
x? 2 
Fir/t, x+—= SIREDS . 1M the Anſwer. 
a a 
2 8 2 2 2 
And, 4 — == 5 = Fo An/. 


3. Reduce = to an improper fraction. Ar. — 


4. Reduce 1— Do an improper fraction. 47. 2 


ax + x* 


5. Let a— be reduced to aa improper 
fraction. 

6. Let 104 mm 
fraction, 


7. Let a+ 


1.5 


b 


fraction. 


8. Let 14 24— 772 be reduced to an improper 


fraction. 


PROBLEM II. 


To reduce an improper fraction to a whole or mixed 
guant ity. 


RULE. 


Divide the numerator by the denominator, for the 
integral part, and place the remainder, if any, over 


the denominator, and it will be the mixed quantity 


required, 


C 3 


be 145884 to an 1mproper 


be reduced to an improper 


18 FRACTIONS. 


EXAMPLES, 


1. Let 2 and ARA be reduced to whole or mixed 


quantities, 


Firf,, = 175 Yz, the Anſaer required. 


2 2 
2 =(ar+0*)1=a+— Anf. 
33 2 
5. 3 Foote , and 222 be reduced to whole or 


b a+y 
mixed quantities, 


Fiſt, = 5 7 An. 


9+ y* 
A 4, —— 2 — 
1 Fe * ＋ 4 ＋0 = += 5 
3. Let 22 , and _ be reduced to whole or 
| 2 
mixed MOI Anſ. 45 and 314— * 


4. Let - 22, and + be reduced to whole or 


mixed quantities. 
2 2 3 J 
X — * —— 
5. Let 2 
2 2 
mixed quantities. 


be reduced to whole or 


6. Let 8 2 be reduced to a wbole or mixed 
* c 


_ quantity, 


1 2x7 2 
2 Rf — be reduced to a whole or 
mixed quantity. 


7. Let 


4 
1 


FRACTIONS 19 


PROBLEM III. 


* 1 To reduce fractions of different denominators, to others of the 
La Same value, which ſhall have a common denominator. 


RULE. 

Multiply every numerator, ſeparately, into all the 
denominators but its own, for the new numerators, and 
all the denominators together for the common denomi- 
nator *, 


EXAMPLES, 


5 and = to fractions of equal values 


that ſhall have a common denominator. 


3 1. Reduce 


ad Kc Ha 8 
b x b==6* 
, ; b x c==bc 
15 ac b* R a 
0 — and — = fractions required. 
1 — 2 5 |; 
2 2. Reduce 82 and 7 to equivalent fractions, 
10 having a common denominator, 
# aXcxd=acd 
bxbxd=6b*d 
c N c 


bxcxXd=bcd 
ard bd Fo 


b D : 
5 7 and Foy fractions required. 


——_— 


* When the denominators have a common diviſor, it will be 
5 better, inſtead of multiplying by the whole denominators, to multi- 
LY ply only by thoſe parts which ariſe from dividing by the common 
4 d:viſor, 


— . — 
A * 


— 


} 
14 
: 
| 
1 


b 
3. Reduce — and — to equivalent fractions, having 


a common Jendeldater. Anf. = and 7 . 
ac 
4. Reduce _ and — to fractions, having a com- 
2 
mon denominator. Ar. > and . 


be 
5. Reduce 2. 2. and 4 to fractions, . a com- 
24 36 gex 4ab „ Seed 6acd 
bac' bac? Ry Sac 


6. Reduce 2 = and a+, to fractions, having 


mon denominator, Anſ. — 


a common denominator, 
a Yax I 24a* 
An. — 9 , and a .. 
123 124 12a 
a Ex 2 
a ＋ x 


7. Reduce —.— * d ——— 

a common . 
8. Reduce = 
22 


having a common denominator. 


———, to fractions, having 


c 4 R , 
2 and — to equivalent fractions, 


PROBLEM IV. 
To find the greateſt common meaſure of a fraction. 


RULE®, 


1. Range the quantities according to the dimenſions 
of ſome letters, as is ſhewn in diviſton, 


— 


— — — CI — 
* — 


*The fimple diviſors, in this rule, may be eaſily found, * in- 
ſpection. 


Y 
1 
5 
bs 
+ 
* 
2 
2 
PY 
a, 
% 
ws 
= 
Pp 
7 
4 * * 7 
« E 
Lal 
hes 


1 1 


* * 1 eee = r i 
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2, Divide the greater term by the leſs, and the laſt 
diviſor by the laſt remainder, and ſo on till nothing re- 
mains; and the diviſor laſt uſed will be the common 
meaſure required. 

oe. All the letters or figures which are common 
to each term of the diviſors, muſt be thrown out of them 
before they are uſed in the operation, 


BXAMPLES. 


1. To find the greateſt common meaſure of 
ex + x* 


cab al 
cx TX c + - 
er c＋ x ca (= 
ca +a%x 
4 


Therefore the greateſt common meaſure is e T*. 


2. To find the greateſt common meaſure of 
&ͤõ„ „ „%% 


27 + z TA. 


* + 2bx +6*)x*%— b*x(x 
& + 2bx* + Þ*x 
—tbatn—abx)x*+ 2bx-+b* 
or x + b )x*+2bx+6(x+6 


x*+ bx 


bx + * 
bx + 6* 


* 


LEE dt om ad mal 


3 * 


— 4 CY 
—_ VS 325 4 et > 


_ 
=y —— —  _ — 


3 — ́—)— — 
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Therefore x +b is the greateſt common diviſor. 
3- To find the greateſt common diviſor of 


x ——I | 

* ty . Anſ. x + Is 
+, To find the greateſt common diviſor of 

Ah | 

a + 2x3 ops 


To find the greateſt common meaſure of 
Inf + 104% + cal | 
a*%b+ 24*b*+ 2a6* + 6+ 


PROBLEM V. 
To reduce a fraction to its loweſt terms, 


RULE. 


1. Find the greateſt common meaſure, as in the laſt 
problem, 

2. Divide both the terms of the fraction by the com- 
mon meaſure thus found, and it will reduce it to its 
loweſt terms as was required. 


EXAMPLES. 


ex + x* x 
- + to 1ts loweſt terms, 
ca a 


cx + x*) ca* ta 
or c+x Dc + a*x(a 
ca* + a*x 


I. Reduce 


+ 


Here ex I & is divided by x which is common to each 
term, | 


= 
kj 
Foy 
K. 
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8 Therefore c + x is the greateſt common meaſure, 1 
2 ex+x* X 8 a il 
5 and c+x) = fration reguired. | 
15 +x) ca* Ta a* J 7 | { 
* „„ 


3. Having 


— given, it is required to re- 
K* + 2bx +6* abba 4 
duce it to its leaſt terms. 


F * + 2bx +6?) - 


_— 
— * - 
— 2 
2 — 


"3 a3+26>* + b*x D 
4 | 4 
A —bx*—26x)x* + 2bx + b* 
< or x+b) 24 2bz+6*(x+6b | 
4 x*+ bx 1 
bx + 6* 
5 = | 
Ther:fore x +6 is the greate/i common meaſure, | 
DE AY 7 oY x : ; i 
and x + b)-———- = = /ratiom required, | 
K A T ax+6 | 
E * | x2 Z 4 | 
1 „ | 
1 3. Reduce "Tj to its loweſt terms. An. = | 
Gi | 
{ on HTS ' 
I 4. Reduce to its loweſt terms. A,. it 
: a & ke ff | 
o 414.— 5 


8 5. Reduce — 


to its loweſt terms. 
A em —— x + x? | 


|. 
5 | a5 + 10atx+ 563% 7 | 431 
5 6. Reduce —- to its loweſt terms, | 
7: | Reduee a za + 24 + at * | | 


... ̃ ͤöu 3 ⁵ĩ˙ ʃ• ͤ—ͤ—⅜ 


24 FRACTIONS. 4 
T2 add fractional quantities together. 4 

I; 

RULE, 7 


1. Reduce the fractions to a common denominator, 
as in problem the third. 


2. Add all the numerators together, and under their 
ſum write the common denominator, and it will give the 
ſum of the fractions required. 


EXAMPLES. 


1. Having _ and ＋ given, to find their ſum, 


XX3 3x 
XX2= 2x 


0 * * 


2X43 =06 


& & * | . 
6 6 === ſum required, ; 
4 2 
—- given, to find their ſum. 


f 
axdxf = a 
cxbyf elf 
cxbxd=ebd 


2. Having =, > and 


bxdnf= bf 
adf chf ebd adf+cbf+ribd 


— = ſum required. 


bf def bf ao 


* 
ks 
* 1 
N. 
1 
i 
FP 
8 
8 
„ 
ul ua 
F 
4 
7 
F 
8 
* 
ry 
\ 
75 
x 
2 
ek 
N 
4 
1 
— 
25 
1 
Gs. * 
© #3 
3 
1 
bw + 
5 
9 
3 
* 
ay 
88 
2 
* 
13 
N 
* 
ts 
OS 
LY 
7 
= + 
4 5 = 
22 
2 
8 0 
75 5 
=. 
* 
* 
T7 
SS 
ww 
Xe 
gb 
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2 
* 3. Let — and b+— be added together, 


Nerger 
2@arXb=2abx } = Numerators, 


And b Xc = be = comm:n denominator, 


Therefore 3 + 5 + — — 30 ** } 2ab v 3 


n a be ' "Ive 
4 ＋ 5 ＋ — —— = ſum required, 

Add & and = ; 1t5x+2bx 

4. Add — and : together 4. = 
Xx „* x _ 
5. Add 77 and = together, An. x+= 
6. Add = and 5 together, An. + 

[ 


X—2 


7. Add x+—— to 3x 1 een 
3 4 12 


8. It is required to add 4x, 7 and 
a 


x +a 


together, 


9. It is required to add 75 S 


4 


together. 


19, It is required to add 4x, _ and 2+ = together, 


11. It is required to add * and FRIED together, 


— — 
6 — 


In the addition of mixed quantities, it is beſt to bring the froc- 
tional parts only to a common denominator, and to affix their ſum t » 
he ſum of the integers, interpoſing the proper ſign, 


D 


—ͤ—6— ——— 


— — — . ¶—— 1w• 


* 
— — - 


2. 

— 8 9 1 
" 

The ſame rule may be obſerved for mixed quantities in ſub 
traction as in addition. NF 
9 

1 

i 

42 
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PROBLEM VII. 
T ſubtrad one fractional quantity from another, 


RULE®, 


1. Reduce the fractions to a common denominator, 
as in addition. 

2. Subtract the numerators from each other, and 
under their difference write the common denominator, 
and it will give the difference of the fractions required, 


EXAMPLES, 


1. To find the difference of ry and 1 


＋ XIISIIx — 
a N 32 ox 3 


"ag * ® © 0". 
n 
Ws 


3112 33 


11x Ox 5 f : 
Onan I = difference required. 


$543.33 
24—4x 


2. To find the difference of DT ad . 
36 5c 
(x—a) X5cD=5cx—gac 


(24—4) x 36=6bab—126r 


Fd 
» Z 
1 


SO 


TR 
e 0 
So 3 

3 4 * 


. 


4 os 
+ aa. a4 wa * ty 1 4 
"4 4% N 


3 


4 . 'Þ 0 
Aa ay 


W 


ä 
5 2 > <4 
2 5 


reer 

4 & 4 
5 ut. 4 >7 
£5 "F 1.5 


"& ICY ** 


— 
. 


he th 
S346 le 


3bX5c=15bec 
gex—gac Gab—12bx 5$cx—5ac—bab+1n2bx _ 
15bc A 156c 2 
difference required. 1 
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. _ IZ > x N 

J ;. Required the difference of _- and . Ai. 2 . | 

5 N ; 7 5 2 ; 

1 f 255 355 | 

2 4. Required the difference of 5 and 12 An. "os | 
x. 


5. Required the d ference of = and = uf. "= 


.. 
5 7 4 | 
, 3 dx + ad — bc . | 


6. Required che diflerence between - 


3 7 Abi 0 * , 
25 . : ar Þa ?x+7 
74 7. Required the difference of 7” and * . | 
"ul 95 | 
— - 1 
5 24 +82—1ch: —356 
2 * —4 ; 
7 8. Required the difference of 3 4 2 and x { 
2 [4 
* L 
\J cx - | 
El Arf. 2x + . 
5 be | 
| | 
E PROBLEM VIII. 
"I To multiply fractional quantities together. 
* RULE®, 1 
2 Multiply the numerators together for a new nume- | 
2 rator, and the denominaters for a new denominator, and | 
- it will give the product required. f 
5 | | 
E * 1, When the numerator of one fraction, and the denuminator | 
4 of the other, can be divided by ſome quantity, which is common to | 
- each, the quotients may be uſed inſtead of them, | 
3 D 2 2. When [ 


— 
— 
. 
— —ꝛꝓ2¼ ei co 
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EXAMPLES, 


1, Let it be required to find the product of — 


2% XX 2X . 
ry 6 as — had wes product reguired. 
2. Required the product of 7 = and — 


x Ax Ni 140 _ 4x3 . 
aK % T2 1 "260 27 = product required, 


3. Required the product of XZ ang EI 
2 


arc 
x 2 
4 * wy : J === product required. 


4. Required the product of = mis „ 


b 23 

3 
5. Required the product of _ and — Arſe = p 
6. Find the continued product of 5 i, and __ 
Anſ gax. 
7. It is required to find the product of b4 — and — 
Fe. ab + bx 

* 


— ͤ— — 


2. When a fraction is to be multiplied by an integer, the product 
is found by multiplying the numerator by itz and if the integer bc 
the ſame with the denominator, the numerator may be taken for tt.c 
product, 

2. When a fraction is to be multiplied by any quantity, it is the 
ſame thing whether the numerator be multiplied by it, or the dens. 
minator divided by it. 


I 2 
r 


n r 
. rn 9 
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1 2 
3. Required the product of un e 


x+1 axA—TI 


9. Required the product of x, 


PROBLEM IX. 
To divide one fractional quantity by another. 


RULEX. 


Multiply the denominator of the diviſor by the nume- 
rator of the dividend, for a new numerator, and the 
numerator of the diviſor by the denominator of the di- 


vidend, for a new denominator, 


Or, which is the ſame thing, invert the diviſor, and 
proceed exactly as in multiplication, 


EXAMPLES, 
1. Required the quotient of 1 divided by 55 
9 
— „ — 42 f ö . 
: X REDS 1 guotient required. 
20 


b 


24, „ 1 1 
% Fro « * uottèent required, 


divided by 2 


2. Required the quotient of * 


G eee re. Mi 
— _ 
— 


* 1, J, the fractions to be divided have a common denominator, 
take the umera'or of the dividend for a new numerator, and the 


_ numerator of the diviſor for the denominator. 
D 2 2. When 
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—.— divided by EET. 
gx +84 


= quotient required. 


3. Find the quotient of 


2.X—2 
x+a FUT $6x*+bax-þ a* 
— X——= 
2:—2b x+b 2X*—2þ 


22 divided by — 
a® + x3 * x+a 

2x? Its 2x2?X(x+a) 2x ag 
Xx — we — guolien 
8 +a: x (a +x3) Xx at—ax+a* e 
required, 


4. Find the quotient of 


8 12 9¹ 
5. Let : be divided by 17 Anſ. — 
2 
6. Let he be divided by 5x. _— = 
x+1 3 2* 1141 
7. Let _— be divided by nf. = > 
8. Let —— be divided by =. 3 
X—1 2 x—1 
1 1. 24 aw 
9. Let D be divided by 7 Anf. 7 
x—b 1 3cx x—b 
10, Let 77 be divided by 2 Anl. 7 
27—54 3 x* + bx 
11, Let pr wry PO be divided by 8 


3¹ 
Anſ. : 


n 


2. When a fraction is to be divided by any quantity, it is the ſame 
thing whether the numerator be divided by it, or the denominator 
multiplied by it. b hh 

3. When the two numerators, or the two denominators, can be 
divided by ſome common quantity, that quantity may be thrown 
out of each, and the quotients uſed inſtead of the fractions firſt 
propoſed. 
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INVOLUTION. 


Involution is the raifing of powers from any prepoſed 
root; or the method of finding the ſquare, cube, biqua- 
drate, &c. of any given quantity. 


RULE®. 


Multiply the quantity into itſelf as many times as 
there are units in the index leſs one, and the laſt pro- 
duct will be the power required, Or, 

Multiply the index of the quantity by the index of the 
power, and the reſult will be the ſame as before. | 

Note. When the fign of the root is +, all the powers 
of it will be + ; and when the fign is —, all the even 
powers will be +, and all the odd powers —. 


EXAMPLES. 
a*= ſquare a* = ſquare 
2 a*= cube 5 as = cube 
0 a*= 4th power 1 1 as = 4th pꝛaber 
a*= 5th power al 5th fower 
&c. &c. 
+ ga = ſguare 
— — 
14 0 274 = cube 


+ 81 = 4th porver 
—2434* = 5th power. 


—— — 


® The sth. power of any product is equal to the nth, power of 
each of the factors, multiplied toget®er, 

And the nth. power of a fraction, is equal to the nth. power of the 
numerator, divided by the tn. power of the denominator, 


. Sew 
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+ 4%“ = ſquare 
— 8496 = cube 
+ 1644%x* = 4th power 


—324%x'* = 5th powers 


- 2ax*, root 


x 
. root . cube 


x + a= roof 


x + a 


x* + ax 


+ ax + a* 
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** 4 5&9 gs r R . * r 8 | : , mn * 
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x*+ 2ax + a*= ſquare 


x + a 


& + 2ax*+ a 


+ ax*-þ 2a*x + a? 


"+ 


e 
A 
T 


n R 25 5 a 


A = ff of £3 Los 2 2 
r ͤ . e on Co RS 


a + 3ax* + 3a*x + a3 = cube 


or third power of x +a, 


r . 
ö 2 SoC 3 
WRT 24 wy , 
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INVOLUTION. 33 


EXAMPLES FOR PRACTICE, 


1. Required the cube or third power of 243. 
:. Af. $a. 
2. Required the 4th power of 24x Anſ. 16a*x*, 
Required the 3d power of — d& ). 
. , * An,. —5 129. 
"x 164.0 


24 
4. To find the biquadrate of — 77 Anf. 5 


5. Required the 5th power of a—:, 
Arſe. a5 + 1063x*—1 04% 3 þ+ gax*—..?. 


Six ISAAC NEWTON's Rute for raiſirg a binomial 
or reſidual quantity to any power whatever *, 


1. To find the terms without the coefficients, The index 
of the firſt, or leading quantity, begins with that of the 


given power, and decreaſes continually by 1, in every 


term to the laſt; and in the following quantity the in- 
dices of the terms are o, 1, 2, 3, 4, &c. 


2. To find the unciæ, or cc-:fficients, The firſt is al- 
ways 1, and the ſecond is the index of the power: and 
in general, if the co-efficient of any term be multiplied 
by the index ot the leading quantity, and the product be 
divided by the number of terms to that place, it will 
give the co- efficient of the term next following. 


5 — — 


* This rule, expreſſed in general terms, is as follows: 


a r* — 4140 14 Sth 4 321K. 1—1 oY frm; 


2 | 

b3, &c. 3 

i — a „ 1—2 1 . n—1 F 1 —2 49 
2 

b3, &c. 3 
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34 INVOLUTION. 


Note, The whole number of terms will be one more 


than the index of the given power; and when both 
terms of the root are ＋, all the terms of the power will 
be ; but if the ſecond term be —, ali the ocd terms 
will be +, and the even terms —. 


EXAMPLES, 


1. Let a+x be involved to the fifth power. 
1 terms wwithour the riefficients will be 
4% Ne, a, A, , 4, 
and the co eficie i will te 


5 X44 IOXZ3 IOXK2 (XI 
I, 9, Cys none rn 


3 3 , 4 , 5 5 
And therefore the ffih power is 
a* + 5a*x IO + 10a*%x3-+ 5art +43, 


2. Let x—a be involved to the 6th power. 
The terms without the co-efficients will be 
* x5a, a*a?, 4343, x*4t, xa, 4s, 
and the co-efficients auill be 
6X5 15X4 20X3 15X2 6X1 
I, 6, —=, ——, , 3 


23 + 5 0 
„ , 015, $0, $5; ©, 1. 


Aid th-refire the 6th puwir of x—a is 
x%—baSa+ 1 542-20 + 1 * x4 4. 


3. Required the 4th power of :—4a. 

x Arſ. x*—42x5a + 6x*6%—4xa* + «8, 
4. Required the 7th power of x +a. 
An}. x1+7a%+21x%a*+ 35a%*43 + 35x3*+ 21x*%4* + 


Txa®+a?, 


—_ 
——— — ——— — 


The ſum of the c -eflicients, in every power, is equal to the 
number 2, raiſed to that power. Thus 1 | 1 2 for the firſt power; 
1+2+1=4 21 for the ſquare; 143131128223 for tlc Þ 


cube, or third power, &c. 
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EVOLUTION. 


Evolution is the reverſe of involution, or the method 
of finding the ſquare root, cube root, &c. of any given 
quantity, whether ſimple or compound. 


— 


CASE- I; 
To find the rovts of ſimple quantities, 


RULEF®. 


Extract the root of the co-efficient for the nume- 
rical part, and divide the index of the letter, or letters, 
by the index of the power, and 1t will give the root 
required, 


EXAMPLES, | 
1. Required the ſquare root of gas, and the cube root 


of 8x3, 
4 gx =13x}=13x; and aui, 


2,,2 
2. Required the ſquare root of — , and the cube 
4,3 
root of *r 
27a 
21 * x7 f . 104%) 2 . 
Anſ. 9 ==v33 and 3/ . Var. 


— — 


* Any even root of an affirmative quantity may be either + 
or —; thus the ſquare root of + 42 is either + a, or —a: for 
(Ta) x (Ta) a, and (—a)x(—8@)= r. 

And an odd root of any quantity will have the ſame fign as 


the quantity itſelf : thus the cube root of + a3 is +a, and the 
cube 


— = 
— 
5 
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36 EVOLUTION. 


3. Required the ſquare root of 3a. Anſ. ax? Vz. 
4. Required the cube root of — i254 Anſe -v a 
5 
6 


Required the ſquare root of 


. ＋ 39 
4a AY 24 a 
. Required the 4th root of 256a*x*. Anſ. arx*. 


7. It is required to find the 5th root of —3245z'®. 
Anſ. —2xy*. 


CASE II. 
To find the ſquare root of a compound quantity, 


RULE. 


1. Range the quantities according to the dimenſions 
of ſome letter, and ſet the root of the firſt term in the 
quotient. 

2. Subtract the ſquare of the root, thus found, from 
the firſt term, and bring down the two next terms to the 
remainder for a dividend. 

3. Divide the dividend by double the root, and ſet the 
reſult both in the quotient and diviſor, 

4. Multiply the diviſor, thus increaſed, by the term 
laſt put in the quotient, and ſubtract the product from 
the dividend; and ſo on, as in common arithmetic. 


» —— 


cube root of —a3 is — a; for (Ta) x() Xx (Ta) i;, and 
(OO =-. 

Any even root of a negative quantity is impoſſible : for neit2e: 
({+a)x(+a) nor (-a) x (-a) can produce — az. 

The th. root of a product is equal to the nth. root of each of the 
factors multiplied together. 

And the nth. root of a fraction is equal to the nth, root of the 
nu merator, divided by the nth. root of the denominator, 
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EVOLUTION. 37 


EXAMPLES.» 


1. Extract the ſquare root of x*—q4x3 + 6x*—4x + 1, 
x*—4.x3 + 6x*—4x +1 (x*—2x +15 r00t 
* | 


tal _zx)—4x3 + 6x* 
— x + 4x* 


2x*—4x +1) 2x*—4x +1 
2a%—4a+1 


2 


* 


2. Extract the ſquare root of 44 ＋P 245 & ＋ 13a%* 
+ 6ax* + a+, 
4% L 124% + 13a*x*+ G + x*(2a* + er Fl 
4” 


44* + 3ax)1 + 134% x* 


I 2 1 g9a*x* 


4a* + Ca Ta) 4 + Gar! 4 an 
4a*x*-+ G + x* 


* 


3. Required the ſquare root of 9*-þ 443%-þ aft 
+ 4x3 + x+, As ſ. a + 2ax+ a* 

4. Required the ſquare root of x#—2x* þ xt — 
5 


= 16: Ar. X*—x ++, 


5. It is required to find the ſquare root of a*-þ a?, 
2 6 


Anſ. a+——— 175 ny Wc. &c. 


E 


r 


—— — a 
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CASE III. 
To find the roots of powers in general. 


RULE X. 


1. Find the root of the firſt term, and place it in the 
quotient, 

2. Subtra® its power from that term, and bring down 
the ſecond term for a dividend. 

3. Involve the root, laſt found, to the next loweſt 
power, and multiply it by the index of the given power 
for a diviſor. 

4. Divide the dividend by the diviſor, and the quo- 
tient will be the next term of the root. 

5. Involve the whole root, and ſubtract and divide 
as before; and ſo on till the whole is finiſhed. 


EXAMPLES, 


1. Required the ſquare root of - - zar 
— 2a 3 + x*, 
a*—20* x + 3a*x*—2ax* + x*(a*—ax + x* 
4* 


= 


24*)-— 2a*x 


— 


a.. 2X + a*x* 


24 2a¹ 


— — 


* · 24 + 3a*x*—2ax* + x* 


K 


—_ 


* As this method, in high powers, is generally thought too la- 
Lorious, it may not be improper to obſerve, that the roots of com. 
tound quantities may ſometimes be eaſily diſcovered thus: 
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— One r „ 


2. Extract the cube root of 4 ＋ 6x*—40x* + goa I! 
—d4. I 
* . —40x? + 904A 2—4 


x® 


he L- 34) 0x? lf 


— —— 


vn 4 f 6x3 +1 2x*+ 8x3 
eſt 3x7) —! 2 x* 
er 7 — _ 

3 5 & 4 645— 45 "0 =_y 1 
10— 5 | — — 


— tt * 
> RE _ 


3- Required the ſquare root of a*+ 24ab + 2ac + b* 
+ 2bc+c>, A. a+5+e. | 
| 4. Required the cube root of x —5 1520 
a2 al+igat—bx+1. Aus. «„ 2 +1. 
: 5 Required the biquadrate root of 164%—96a®x | 
+ 216a*x%*—2 164x3 + 81 x*. Anſ. z zx. | 
6. Required the fifth root of OY 804— | 
40x* +103—1, | A. 2 —1. | 


: 1. Extract the roots of ſome of the moſt imple terms, and connect 
| them together by the fign + or —, as may be judged moſt ſuitable 
for the purpoſe. 

2. Involve the compound root, thus found, to the proper power, 
and, if it be the ſame with the given quantity, it is the root re- 
quired, 

3. But if it be found to differ only in ſome of the ſigns, charge | 
them from + to —, or from — to +, till its power agre«s. with the g 
given one throughout. 

Thus, in the nfth example, the root 24——JZx, is the difference. 1 
of the roots of the firſt ard laſt terms; and in the 3d example, the i! 
root a4-b4-c is the ſum of the roots of the 1ft, 4th, and Cth terns. z 
The fame may alſo be obſerved of the 6th example, where the 1008 | 
ic found from the firſt and laſt terms, 


— ä 


* 
E 2 
* 


* 2 * 
- 
x — — 


— — 9 
—— 


1 
. 


Surds are ſuch quantities as have no exact root, being 
uſually exprefied by fractional indices, or by means of 
the radical fhgn placed before them. 

Thus, 2z, or He, denotes the ſquare root of 2, and I 
the cube root of the ſquare of 3; where the numerator 
thews the power to which the quantity is © be ialicd, 
ard the desominstor its root. 


PROBLEM I. 


To reduce a rational quantity to the form of a Surd. 


RULE, 


Raiſe the quantity to a power equivalent to that 
denoted by the index of the ſurd, and over this new 


quantity place the radical ſign, and it will be of the 
torm required, 


EXAMPLES, 


1. Tt is required to reduce 3 to the form of the 
ſquare root, 
Firſt z x 3=3*=9; whence Vg the anfaver. 
2. It is required to reduce 2x* to the form of the cube 
root. 


Fer, 2x N x 2x*=(2x*)* ga; avhence &/8x* or 
(B45): the anſwer, 


3. Reduce 5 to the form of the cube root. 
| An. (125) 3. 


4. Reduce Lxy to the form of the ſquare root. 
Inf. VAX 
at be 8 a os 


f 


2 9 TY 


S U R D 8. 41 


5. Reduce 2 to the form of the 5th root. 4 (32)5+ 


6. Let az be reduced to the form of the 6th root. 


7, Reduce a+5 to the form of the ſquare root, and 
:—b to the form of the cube root. 


PROBLEM II. 


To reduce quantities of different indices to other equivalent 
ones, that ſball have a common index. | 


RULE, 


r. Divide the indices of the quantities by the given 
index, and the quotients will be the new indices for thoſe 
Quantities. 

2. Over the ſaid quantities, with their new indices,. 
place the given index, and they will make the equivalent 
quantities required, 

3. A common index may alſo he found by reducing 
the indices of the quantities to a common denominator, 


and involving each of them to the power denoted by its 


NUYMcrator, 


EXAMPLES, 


1. Reduce 153 and gs to equivalent quantities having 


the common index *, 


Th ROT IN Ha ry DEEP 
7 * Tee" 18 * 1/t index. 
C 
. F 
Therefore (15 1) 4 and (9) 4 = quantities required. 
E 3 


n 


— 


„ „ 
* N ” * 


42 S. ND 8. 


"5 1 . 
2. Reduce a and x+ to the ſame common index +5. 


„ 

326 — — _ —— 1nd, * 
18 1 * =. 1/t index 
T I 

Sb = 5 —3= 2d index. 
4 5.-.: 4 I 4 


2 J Pp” . 
Therefore (ab) and (x3) 3 = quantities required, 
3 I . I 
3. Reduce 3- and 23 to the common index s. 
; U * 
Anf. (27) % and (4) C0 
1 I ' . 7 a 
4. Reduce 41 and bz to the common indexs. 
I Lad 
Arſe. (a“) and (L). 
I * 
5. Reduce a and l to the ſame radical ſign. 
＋ uf. 71 * Va and mn In. 


6. Let (a) T and (a—b)3 be reduced to a common 
index. 


7. Let (a+8)3 and (a-) A be reduced to a common 
wdex, 


PROBLEM Il. 
To reduce ſurdi to their miſi fiinple terms, 


RULE . 


Find the greateſt power contained in the given ſurd, 
|; | and ſet its root before the Yemaining quantities, with the 
117 proper radical ſign between them. 


i 


* When the given ſurd contains no exact power, it is ahieady in 
Its moſt fi. ple tetms. 


N. 43 


EXAMPLES. 


1. It is required to reduce 4/48 to its moſt ſimple 
terms. 


VIS = V (16X3) N VIA V3E4v 3, 


the ar ſer, 


2. It is required to reduce 4/108 to its moſt ſimple 
terms. 


o = N (27x EV27XV/4S3XV4E3V4s 


the a fever. 


3. Reduce 125 to its molt ſimple terms, 


4 , Vs. 


4. Reduce VE to its moſt ſimple terms. 


5. Reduce 4/243 to its molt ſimple terms, 


Arſe 34/9». 


6. Reduce 75 * to its moſt ſimple terms, 


Anh, 33/18, 
7. Reduce 4/y$a*x to its moſt imple terms, 
Af. Ta v2x. 
8. Reduce VA -a) to its molt ſimple terms. 


k 
9. Reduce (a t za to its molt ſimple terms, 


Y . 
10. Reduce (32a%—9645x)5 to its moſt ſimple terms, 


SUR. D. 8. 


PROBLEM IV. 
Te add ſard quantities together, 


RULE, 


1. Reduce ſuch quantities as have unlike indices to 
other equivalent ones, having a common index. 


2. Bring all fractions to a common denominator, and 


reduce the quantities to their ſimpleſt terms, as in the 
laſt problem. 


3. Then, if the ſurd part be the ſame in them all, 
annex it to the ſum of the rational parts, with the 


fign of multiplication, and it will give the total ſum 
required, 


But if the ſurd part be not the fame in all the quarti- 
ties, they can only be added by the figns + and —, 


EXAMPLES, 


1. It is required to add 4/27 and 4/48 together. 


Firft, /27=vM(9X3)=39/3; and /48=4/(16 x 
3)=4v33 


Whence, 3W3+4V3=(3F4) V3ET3 = Jum re- 
quired, 

2. It is required to add 4/500, and 4/108 together. 

Firfl, Voo=7/(125 X4)=5 V, and Vo = 
(27 X4)=34/43 


Whence, 53/4+34/4=(5+3)4/4=83/4 = ſum re- 
quired, 


3 


8 J] R D 8. 483 
3. Required the ſum of 4/752 and 128. 
| An. 14 V. 


4. Required the ſum of /27 and 47. 11 
Anſ. 10%. li 


5. Required the ſum , and 37, | 
A. 12 0. 


tO 
6. Required the ſum of 4/40 and 135. lf 
* As. 5 V5 4 
i. 7. Required the ſum of 3 % and 5 4/7;. | 
ſ 8. Required the ſum of 2 Hai and 3 4A. | 
E 9. Required the ſum of 94/243 and 104/363, | 
L 1 f 
10. It is required to find the ſum of an and au. f 
g 11. Required the ſum of 4/27a*x and y/3aty. 
PROBLEM V. 
0 To ſubtract, er {nd the d fircmee of, ſurd quantities, 
. [1 
Prepare the quantities as in the laſt rule, and the dif. 1 
; + ference of the rational parts annexed to the common Ny 
:urd, will give the difference of the ſurds required. j 
5 | But if the quantities have no common ſurd, they can 1 


only be ſubtracted by means of the ſign —, 


46 T0 RW -8; 


EXAMPLES, 


1. It is required to find the difference of 4/448 and 
vV112. | 


Firſt, /448=4/ (64x71) =384/7; and VIIZ NV 
(16X7)=4v7; 

Whence 8/7 —4 vJ= (8—4) vV7=447 difference 
required, 


2. It is required to find the difference of 1923 and 
RI 4 1 33 1 
Tig, 1923 (4X 3) 4.31 and 24;=(8X3); 


2.33. 


I hence 4332.33 =(4—2) 3122.34 = diffircnce 


| required, 


3. Required the difference of 24/50 and 1/18, 
Anſ. JV. 


4. Required the difference of 3207 and 407. 
Anſ. 2/5. 

5. Required the difference of v= and VE 
Ain ſ. Se 15. 

6. Required the difference of / and /. 
45%. 1 18, 

7. Find the difference of 4/8ca*tx and Vogts. 

Anl. (aa 24αwi.) 5x. 


8. Required the difference of 8 3/a% and Jab. 


9. It is required to find the difference of an and at 


WW 
* 


YN 


by 
2 * 


SUR. 


PROBLEM VI. 
To multiply ſurd quantities together, 


RULE. 


Reduce the ſurds to the ſame index, and the product 
of the rational quantities annexed to the product of the 
ſurds will give the whole product required; which may 
be reduced to its moſt ſimple terms by Problem 3. 


EXAMPLES. 


1. It is required to find the product of 34/8 and 
24/6. 

Here, 3X2X 8X NON (8X6) =64/48 =b#/ 
(16X3)=6X4X4/3=244/3= frodudt required. 


2. It is required to find the product of 1% and 
v/ 


3 


x? V VI=Ix V= 
3 2 


65—8 1 


2 | — — 
* 


x15 == 212 x 5 product required. 


3. Required the product of 58 and 34/5. 
| Anſ. 30 Vio. 


4. Required the product of =/6 and 2 is. 
Au. 4. 


ts 2% and 2/7 
5, Required the produc of 398 and 2 


1 
Af. 70 5. 


48 S UR D Ss. A 


6. Required the product of 3/18 and 5 4/4. 
Anſ. 10 


7, It is required to find the product of a3 and az, | 
Anſ. (a3); or a. 


8. Required the product of (x+y)z and (x+3)3. 
9. Required the product of x + V and x— Ny. 
10. Required the product of (a+ ) z, and (am 


)*. 


11. It is required to find the product of x" and x. 


PROBLEM VII. 
To divide one ſurd quantity by another, 


RULE, 


Reduce the ſurds to the ſame index, and the quotient * 


of the rational quantities being annexed to the quotient 
of the ſurds, will give the whole quotient required; 
which may be reduced to its muſt imple terms as be- 
fore. P 


| EXAMPLES. 
1. It is required to divide 84/108 by 24/6, | 
(8+2) V{108=6) =44/18=44/ (9X2) =4X3v/? 


=124/2 = quotient required. 


2. It is required to divide 8/512 by 4/2. 
8-—4=2, ond c125=2:=2567=4.43 g 

Therefore 2 & 4 * 43 =8.4 == quotient required, 

3. Let 61/10 be divided by 34/5. An. 2/2: 


. 


2— 


— 7 2 1 "= 2 
" 3 4 L 
l a # 3 6 * ark W „ og r * 5 3 of 8 5 
1 A ag % = i Ds A * * - I "a; x % 1 8 . 1 * * 1 2 
25 £2.98 r 4c Glo e OE ty. R 


N # 
* 2 - 2 2 
- . UE £ et ol fe AI net * 2 
P 


1 Pet Fd 
223 N Þ 


—— 
1 5 ; Vie, 5 4%. 
r 


— 


8 _ HS 
22 

1 

4 
* 
. 
0 
1. 

4 


DS. 49 


4. Let 4/1000 be divided by 2 4/4. Anf. 10 . 


3 I 2 1 I 
Let be divided by — -. A. 543+ 
W E 
5 2 _ FM. 2 ? 3 25 7 
6. MS be divided by © a Anſf. 21 5. 
"ta 25. eta e 
7. WY : az, be divided «wi 4 


8. Let the quantity an be divided by the quantity oy 
9. Let a -d -i be divided by x— Vs. 


PROBLEM VIII. 


To involve ſurd quantities to any power. 


RULE. 


Multiply the index of the quantity by the index of 
the power to which it is to be raiſed, and to the reſult 
annex the power of the rational parts, and it will give 
che power required. 


EXAMPLES, 
. . 2 4 
. It ie required to find the ſquare of * 3, 
: 9 838 I EX 23: 
Fir/l, z = XS, and e 2 
3 0 


== \/ a*= ſquare required. 
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2. It is required to find the cube of 2 


— 0 „ 7 How's : 


required, 


3. Required the ſquare of 3 2/3. Anſ. 9/5. 
4. Required the cube of 23, or 4/2. Anſ. 2/2. 
I 


1 2 

5 Required the 4th power of 56. < 
4 

6. It is required to find the »th power of am. 

7. It is required to find the ſquare of 34975. 


8. It is required to find the cube of 2x—3 4/y. 


PROBLEM IX. 
To extract the roots of ſurd quantities. 


KULE *, 


Divide the index of the given quantity by the index 
of the 100t to be extracted, and to the reſult annex the 


root of the rational part, and it will give the root 
required, 


Ln —ů— 


*The ſquare root of a binomial, or refidual, ſurd A4 B, or 
A—B, may be found thus: take (A2) = p; then (a 
A+D ASD —D 
+B)=v * 
2 2 2 
Thus the ſquare root of 8 TZ J = N. and the ſquare root of 


38 N e: but for the cube, or any higher root, no genera} 
rule can be given. | 


A — 
+ = and (A-) N 


. 5 0 


EXAMPLES, 
1. It is required to find the ſquare root of 9%. 
Firſt, /9=3, and (3742 3 ;. 
Whence, (9 3): =3.35= Square root required, 


2. It is required to find the cube root of — v2. 


. . 1 t 2— 1 
Fir, \/ = and (Vi) i=2 82 


1 = 


Whence, N : &= cube raot required, 
3. Required the ſquare root of 103, Anſe. 104/ 10. 
4. Required the cube root of 277 As.. 2 


5. Required the 4th root of zx. Anſ. 34. . 
6. It is required to find the nth. root of yn, 


7. Required the ſquare root of a -A Va 4a. 


INFINITE SERIES. 


An infinite ſeries is formed from a vulgar fraction, 
aving a compound denominator, or by extracting the 
root of a furd quantity; and is ſuch, as, being con- 
tinued, would run on ad igfinitum, in the manner of a 
decimal fraction. 

But, by obtaining a few of the firſt terms, the law of 
the progreſſion will be marifeſt, ſo that the ſeries may 


be continued, without actually performing the whole 
Operation, 
F 2 
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PROBLEM 1, 


J reduce fractional quantities into infinite ſeries. 


RULE, 


Divide the numerator by the denominator, as in 
common diviſion ; and the operation continued, as far 
as may be thought neceſſary, will give the ſeries c- 
quued, 


EXAMPLES, 
1. Let — be propoſed to be converted into an 
infinite ſeries. 
R * x3 
A 


aa — * 


** 
* &c, 
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2. Let T be converted into an infinite ſeries. 
1 +x 
TX) I. . . . (1—x+x*—a), &c. 
14 
— 
— — 2 
* 
x + x3 
1 
— x 
** 
. b * . . . e 
. —_—_ ve converted into an inſinite ſeries, 
a * 
2 3 
ED AW. 
Auſ. 2 &c.) 


b 1 
4. Let — be converted into an infinite ſeries, 
a 


b ; 2 4x3 
Arſ. = x (1+=+>+ &.) 
a &S. 6 a? 


1 + x . .* * . 
8. Let 1 be converted into an infinite ſeries. 


Anſ. 1 + 23+ 2x* + 2 v K 21+ Sr. 


a* 
5. Let be converted into an infinite ſeries, 
(2+ x) 
2 v R * 9 
An.. 2 2 2 TEN 
a 04 


l 
I+1 


7. Let 2, or its equal be converted into an in- 


finite ſeries, 


* 


2 


8 5 y 9 - 
yy . — — ͤ (K 
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ſeries, 


„ 
2a 84 1632 12847” 


22 
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PROBLEM II. 


Ta reduce a compound ſurd into an infinite ſeries. 


RULE“. 


Extract the root as in common arithmetic, and the 


operation, continued as far as may be thought neceſſary, 
will give the ſeries required. 


EXAMPLES. 


x* £ 


1. Extract the ſquare root of a*+x* in an infinite 


* 1 


&e. 


2a + —)x? 
24 
** 
2 
x 4 — 
2 4 4 
* A Xx 
04 4 44 
a* * * ** 
4.a* 844 64a® 
4» 18 a$ 
2a + — -— ——, (Fc. — — 
84 * ) 844 6.44* 
a® a? 5 
— + — Co 
8a 164 ; 
3 
TX 
— 6440 $f, 


This rule is chiefly of uſe in extracting the ſquare root, .. 
operetion beipg too tedious for the higher powers. 
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2. Let /1+1 be converted into an infinite ſeries, 1 


Af. i H- Se, 


32 
3. Let Va- be converted into an infinite ſeries i 


$05 
3 Oc. 


4. Let /i be converted into an infinite ſeries, 


x3 x® 7. a9 


Anf. e Sc. 
5. Let y/a*+6 be converted into an infinite ſeries. 


PROBLEM III. 
Tu reduce a binomial ſurd into an injunie ſeries; or lo extract 
any root of à binunial, 
RULE®, 


Subſtitute the particular letters of the binomial, with 
their proper ſigns, in the tollowing general form, and 
it will give the root required ; ovferving that Þ is 
the firſt term, Q the ſecond term di: ided by the firſt, 


N 
the index of the power or root; and A, 5, c, o, &c, 
A 


the foregoing terms with their proper figns : 


m mn 


U e e aa (e) + 


0) += (E) &c. | 


Any ſurd may be taken from the denominator of a fraction and 


put in the numerator, and vice verſa, by only Dentin the ſign ef 
ies index, 
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EXAMPLES, 


1. To extract the ſquare root of -*—x?, in an infinite 
ſeries, 
2 


* 1 
Hire p=7?, — x, and == 7 ; therefore (1.— 


(Z-) ( Y Ae 
ee ee „Oc ( 
e e. G. =rm Dp 
AR INN Sc. which, by rifloring the 


1 
values of A, B, c, D, Ec. becomes . 
27 877 1675 
18 


2 ——» Sc. = ſeries required. 
7 


2. To find the value of ITE or its equal (a 


+6)=* in an infinite ſeries. 


b — 8 
Here P gha, 3 and N therefore (a 86)-* 


=0=*+ (—2. 272 82 46 4 es) + (= 


3 
b 5 f 
4% %% e eee 
(eh, S -e 


Sc. which, by reſtoring the values of a, n, C, b, Lecumes 
1-39: .'234 [44 - 6 


41 Sc. = ſeries required. 
„ of 7 =/ : 
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2 
Y * * . * 
4 To find the value of -—-, in an infinite ſeries. 
r+x 
2 


CW 
Au. r=x + — — +, Ee 
Y/ T r it 73 E 


4. To find the value of 


in an infinite ſeries, 


(4 — 


in an infinite ſeries. 


5, To find the value of . 
(a+ w)* 


14 

Anſ. Ep nt - Oc. 

a® 
6. To find the value of (aT B) in an infinite ſeries, 
At res regen. th 
oy 2a dai T6 12847 5 
7 Find the value of (a-) in an infinite ſeries, 
* 24* 6.0 


b þ* 5 63 1057 


a? 2 
9. Required the ſquare root of 2 in an infinite 


a*—x | 
ſeries, 8 
Au. 3 — e. 1 


12 gas 


2 


10. Required the cube root of ——- - | 
nite ſeries. (A) 


in an infi- 


 ARITHMETICAL PROPORTION. 


* o * * 
1t. Required the value of — - in an infinite 
ſeries, ar ee ia 
p OT RY a, $ 8 
1 — — — — — — 86 
/ a Ta 4 - a? 


ARITHMETICAL PROPORTION, 


Arithmetical {roþ:7t10n is the relation which two quan- 
tities, of the ſame kind, bear to each other, with reſpect 
to their difference, 

Four quantities are ſaid to be in arithmetical propor jon, 
when the difference between che firſt and ſecond is equal 
to the difference between the third and fourth. 

Thus, 3, 7, 12, 16, and a, ab, c. e+0, are arith- 
metically proportienal, 

Arithmetical frogreſſion is when a forkde of quantities 
either increaſe or decreaſe by the ſame common differ- 
ence. 

T. 1, 3. $5 7» 9, 11, Ce. ard a, a+b, a+26, 
a ＋ 30, a+46, a+5b, Cc. are ſeries in arithmetical pro- 
greſſion, whoſe common differences are 2 and b. 

The moſt vſcful part of arithmetical proportion is 
contained in the following theorems : 


I. 1f four quantities be in arithmetical proportion, the 
ſum of the two means will be — to the ſum of the two 
extremes, 

Thus, if 2, 5, 7. 10, anda, b, e, d, are in arithme- 
. proportion, then will 2+10=5 +7, and a+d= 

e. 


II. In any continued arithmetical progreſſion, the 
ſum of the two extremes, and that of any two terms 
which are equally diſtant from them, are equal to each 
other, 


WF 
12 
9 
5 K 
oa 


— — — — — — — — — — —— 2 
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Thus, in th: ſeries, 2, 4, 6, 8, 10, 12, Sc. 2+12=4 1 
+ t19=6+ 3, | 


III. The laſt term of any arithmetical ſeries, is 
equal to the ſum, of difference, of the firſt term, and 
th: product of the common difference by the number of 
terms leſs one; according as the ſeries is increaſing or 
decreaſing. | 

Thus, the 20th term of 2, 4, 6, 8, 10, 12, Sc. 12 
=2+2(20—1)=2+2X19=2+353=40. 

And the nth term of a, ax, a— :x, @—3x, a —4 , 
Cc. is =a—(n—1) Xx=a—(i3—1)x. 


IV. The ſum of any ſeries of quantities in arithme- 
tical progreſſion, is equal to the ſum of the two extremes 
multiplied by half the number of terms. | 

Tous, the ſum of 1, 2, 3, 4, 5, 6, Cc. continued to the 1 


. 20) 20 21 * 20 4 
2 


And the ſum of n terms of a, a+x, a+2x, a+3x, to 


a+ mx, is =(a+a+mx).—=(a+zmx).n =(a+— f 
x) n. 2 2 | 


EXAMPLES. 


1. The firſt term of an increaſing arithmetical ſeries 
13 3, the common difference 2, and the number of terms 1 
20 ; required the ſum of the ſeries. [1 


Firſt, 3+2 Xx (20—1) = 3+2 X19=3+38=41= 


loft term. [| 
O O | 

And, 344) X—==44 K 2 =44 Xx 102440 — ſum i 
required, 2 : | 


2. The firſt term of a decreaſing arithmetical ſeries 
| 1e 100, the common difference 3, and the number of 
| terms 34; required the ſum of the ſeries, 


"3 
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Firf, 100—3. (34-1) =100—3. (33) = 100-99 


1= loft term. 


And, (100+1) x 4 101 x2t—101 X17=1717= 


ſum required. = 


3. Required the ſum of the natural numbers 1, 2, 
3» 4» 5, 6, &c. continued to 1000 terms. 


Hnſ. 500500, 
4. * Required the ſum of the odd numbers 1, 3, 5, 
7, 9, &c. con inued to toi terms, Anſ. 10201. 


5. How many ſtrokes do the clocks of Venice, which 
go on to 24 o'clock, ſtrike in the compaſs of a day? 
Anſ. 300. 


6. The firſt term of a decreaſing arithmetical ſeries is 
10, the common difference 3, and the number of terms 
21; required the ſum of the ſeries, Ar/. 140. 


7. One hundred flones being placed on the ground, 
in a ſtraight line, at the diſtance of a yard from each 
other, how far will a perſon travel who ſhall bring them 
one by one to a baſket, which is placed one yard from 
the firſt ſtone. Anſ. 5 miles and 1300 yards. 


The ſum of any number of terms () of the arithmeticaT ſeries 
of odd numbers 1, 3, 5, 7, 9, &c. is equal to the ſquare (n+) of that 
number. 

That is, if 1, 4, 5, 7, 9, &c. be the numbers, 

Then will 1, 2*, 3*, 4*, 5*, &c. be the ſums of 1, 2, 3, &. 
terms. 5 

For, o+1, or the ſum of 1 term 12, or x 

i+3, or the ſum of 2 terms 22, or 4 
473, or the ſum of 3 terms = 3, org 
9+7, or the ſ\-m of 4 terms =4?, or 16, &c, 

Whence it is plain, that, let n be any number waatever, the ſum 

of terms will be nn. 


3 


GEOMETRICAL PROPORTION. 


Geometrical proportion 1s that relation of two quantities 
of the ſame kind, which ariſes from conſidering what 
part the one is of the other, or how often it is contained 
in it. 

When four quantities are compared together, the firſt 


and third are called the antecedents, and the ſecond and 
fourth the conſequents, 


Ratio 1s the quotient which ariſes from dividing the 
antecedent by the conſequent, or the conſequent by the 
antecedent, 

Four quantities are ſaid to be protortional, when the firſt 
is the ſame part or multiple of the ſecond, as the third 
15 of the fourth, 


Thus 2, 8, 3, 12, and a, ar, b, br, are geometrical pro- 
portionals, 

Direct fropertion is when the ſame relation ſubſiſts 
between the firſt term and the ſecond, as between the 
third and the fourth. 


Thus, 3, 6, 5, 10, and x, Ox, y, ay, are in dire pro- 
portion. 

Reciprocal, or inverſe proportion, is when one quan- 
my increaſes in the ſame proportion as another dimi- 
niſbes. : 


Thus, 2, 6, 9, 3, and a, ar, tr, b, are in inverſe pro- 
portion, 

A ſeries of quantities are ſaid to be in peemetrical 
progreſ/ſ.on, when the firit has the ſame ratio to the 
itecond as the ſecond to the third, the third to the 
fourth, &c. 

Thus, 2, 4, 8, 16, 32, 64, Sc. and a, ar, ars, ar,, 
ars, ars, c. are ſeries in geometrical progreſſion. 


— = 
— — 
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The moſt uſeful part of geometrical proportion, is 
contained in the following theorems. 


I. If four quantities be in geometrical proportion, the 
product of the two means will be equal to that of the 
two extremes. 

Tus, if 2, 4, 6, 12, and a, ar, b, br, be geometrically 
proportional, then will 2 X12=4 Xb, ard a x br=b Xar, 


II. If four quantities be in geometrical proportion, 
the rectangle of the means divided by either of the ex- 
tremes will give the other extreme. 

Thus, if 3,9, 5, 15, and x, ax, y, ay, are geometrically 


preportional, then will 2 5 8 a K 


=I5, and pon x. 

III. In any continued geometrical progreſſion, the 
product of the two extremes, and that of any other two 
terms, equally diſtant from them, will be equal to each 
other. 

Thus, in the ſeries 1, 3, 9, 27, 81, 243, Oc. 1 243 = 
3 & 81 9 X27. 


IV. In any continued geometrical ſeries, the laſt term 
is equal to the firſt multiplied by ſach a power of the 
ratio as is denoted by the number of terms leſs one, 

Thus, in the ſeries 2, 6, 18, 54, 162, Cc. 2X 31 162. 


V. The ſum of any ſeries in geometrical progreſſion 
is found by multiplying the laſt term by the ratio, and 
dividing the difference of this product and the firſt term 
by the ratio leſs one. 


Thus, the ſum of 2, 4, 8, 16, 32, 64, 128, 256, 512, 


as © f =1024—2=1022. 
2— 
And the ſum of n terms of a, ar, ar*, ar*, ars, EP. 7% 
ar- XK r—4 àarn—2 T—_ 
obs — a, 
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VI. If four quantities, a, h, c, d, or, 2, 6, 5, 15. be 


proportional, then will any of the following forms of 
thoſe quantities be alſo proportional. 

1. direfllya:b::c:dorz2:t6::5 215. 
inæerſely ù: a: : d: cor 6: 2: : 15: 5. 
alternately a: c:: b: dor 2: :: 6: 15. 
compoundedly a: a+b::c:c+Hdor2:8::5 : 20. 
. dividedlya: B—4 :: c: — or 2: 4: : 5: 10. 

. mixed b: b—a::d+c:d—cor8:4::20: 10. 
. by multiplication ra:rb::c:dorz.3:6.3::5:15. 
. by diviſion a r: b=r::c:dOr1:3:th:15. 

« The numbers a, b, c, d, are in harmonical proportion, 
auben a: di: ab: cd. 


© O O e w Þ 


EXAMPLES, 


1. The firſt term of a geometrical ſeries is 1, the 
ratio 2, and the number of terms 10; what is the ſum 


of the ſeries? 
Firſt, 1X29=1 X5$12= laſt term. 
12 X2—l 1024—1 

And, : . — — — 


2, The firſt term of a geometric ſeries is &, the 


ratio 3. and the number of terms 5; required the ſum 
of the ſeries. 


=1023= ſum required, 


1 1 I 1 
Firſi, 7 . laſt 28 


ee e -A- 
„ 


. 2 78 ſum required, 


3. Required the ſum of 1, 3, 9, 27, 81, &c. con- 
tinued to 12 terms, Hnf. 265710. 
G 2 
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4. Required the ſum of 1, 4, 5» 27» {rs &c, conti- 


nued to 12 terms. 


5. Required ihe ſum of 1, 2, 4, 8, 16, 32, &c. con- 
tinued to 100 terms, 


SIMPLE EQUATIONS. 


A: Equation is, when two equal quantities, differ- 
ently expreſſed, are compared together by means of the 
ton = placed between them. 

Thus 12—5 7 is an equation, expreſſing the equa- 
lity of the quantities 12—5 and 7, 

A fimple equation is that which contains only one un- 
known quantity, without including its power, 

Thus x—2-t b== is a ſimple equation, containing 
only the unknown quantity x. | 

Reduction of equations is the method of finding the value 
of the unknown quantity; which is ſhewn in the follow- 
ing rules. 


RULE 1. 


Any quantity may be tranſpoſed from one fide of the 
equation to the other by changing its ſign. 

Thus, if x+3=7, then will x=7—3=4- 

And, if x—4 + 6=8, then will x=8+4—6=6, 

Alſo, if x—a+b=—4d, then will x=c—d+ -. 

And, in like manner, if 4x—8=3x+20, then will 
4x—3xX=20+8, 07 x=28, 


RULE II. 


If the unknown term be multiplied by any quantity, 
it may be taken away by dividing all the other terms of 
the equation by it. 
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Thus, if ax=ab—a, then will x=b—1. | 
And. if 2x+4=16, then will x +2=8, and x=83— 
2=0. 


In like manner, if ax ＋ 2b g 34, then wwill x +26= | 


2 


> 
a a 


RULE III. 


If the unknown term be divided by any quantity, it 
may be taken away by multiplying all the other terms 
of the equation by it. 


Thus, if-=5 +3, then will x=10+6=16., 
And, if ==b+ 4, then wwill x=ab + ac—ad. 


In like manner, if = —2=6-þ 4, ther will 2x—b==18 


+12, and 2x=18+12+6==36, or i 


RULE IV. 


The unknown quantity in any equation may be made 
free from ſurds, by tranſpoſing the reſt of the terms by 
Rule 1, and then involving each fide to ſuch a power as 
is denoted by the index of the ſurd. 


Thus, if /x—2=6, then will /x=6+2=8, and 
x=8*=64. 

And if ARK + 16==12, then will 4x+16=144, or 
4X=144—16==128; and if bath fides of the equation be 
divided by 4, x will be = 32. 

G 3 
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In like manner, if Var +3 +4=8, then cuil! 
* nnn, and 2x +3==4*=64, and 2x=64 


] 
—=91, er x - ok. 
2 


RULE V. 


If that ſide of the equation which contains the un- 
known quantity be a complete power, it may be reduced, 
by extracting the root of the ſaid power from both ſides 
of the equation. 


Thus, if x*+6x+ 9 2553 then will x ＋ 3=4/25=5, 
or Xx —3 2. 

And, if za — 9 r 214 3, then will zu 2214349 
33 


Zi, ans x*==2=12; 0r #=4At3: 


. : . 2x* . g 
In like manner, if — +10==20, len will 2x*+ 30 


=bo, and x*+15==30, or x*=30—15=15, er x 


V 15. 


RULE VI, 


Any analogy or proportion may be converted into an 
equation, by making the product of the two mean terms 
equal to that of the two extremes. 

Thus, if 3x:16:: 5 : 10, then will zxX10=16Xg, 

to 8 
or zox go, or x- - 221. 


3 


e 32 ; 
And, if —: a:: b: c, then itil 7 Sab, and 2ex= at, 
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Ju like manner, if 12—x =: 4: 1, then will 12--x= 


* „ 


RULE VII. 


If the ſame quantity be found on both ſides of the | 
equation with the ſame ſign, it may be taken away from 1 
cach; and if every term in an equation be multiplied or | | 
divided by the fame quantity, it may be ſtruck out of 
them all. 


Thus, if 4x+a=b+a, then will 4x=b, and x= 


—— Te, Ray 2 4+ ©» 


* 


1 T_T CE NEE , 


And, if 3ax+gab=8ac, then will 3x +5b=8c, and 


| 
1 
2 — 1 
i 
In lite manner, if =D, then will 2x=16, | | 
and x=8. 


— — 
. 


MISCELLANEOUS EXAMPLES. 


1. Given 5x—15=2x+6 to find the value of x; 
Firſt, gqx—2x=0-+15, 
Or 3x=6+1;=21; 


And therefore r 


2. Given 40—bx—15=120—14x to find x. 
Firſt, 14x—b6x=120—40+16, 
Or 8x==136—40=963 | 


6 
And therefore x=2=12, 


8 
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3. Let 5ax—3h==24x+c be given, to find x. 
Firſt, 5axz—2dx=c+36 | 
Or (5a—24) Xx=c +136. 


Aud therefore & e+30 . 
54a—24 


4. 3x*—10x=8x+x* be given to find x. 
Fi, 3x—10=8+x 
Or 3xa—:=8-+10=18. 


Ani therefire 2x==18, or r g 


5. Given 6ax%—124bx*=3ax* + bax?, to find x. 
Fig, dividing the whole by 3ax*, we ſhall have 
2x—4b=x+2. 

Or zx— 22446. 
Whence x=2 + 46. 


6. Let ——=+=-10, be given to find x. 
Firft, ne. 
6 
Alſo, bo. 


And 12x—8x+6x=240 
T berefore Iox 240 | 


And x= = 
And x= 10 224. 


— 
2 


to find x. 


i 3 
7. Given + i 220 5 


3 
Firft, mJy, moet 19. 


Aliſo, za —9 + 2x=120—3x+57 
Ther fore, 3x + 2x + 3x=120+57+9 


That is, 8 = 180, er 2 ; 2232. 
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3, Let * 5=7, be given to find x, 


Vence —= 4224. 


12 y 
And 2x =12, or x=— =6. 


2 

3 
9. Let x+ Va = 
Firſt, xVi*+3*+4a* 2 
Whence x V + x*=a%—x* 
And x* x(a* +1) = (a— AEZ -a + x 
Or a*x*+xt=af—'a*a* + 1+ 
Or a*.*+ _ e, or wy 4 


be given to find . 


— „ 
4 PE 72. and à * * Is 


EXAMPLES FOR PRACTICE, 
1. Given 339y—2 +24=31 to find y. Anſ. y=3. 
2. Given a +18=3x—; to find x, An/. v ii. 


3. Given (—2x+10= 20—3x—2 to find x, 
Anſ, x=2, 
4, Given x+Ex+*x=11 to find x. Anſ. . 


5. Given 2x—7x +1=5x—2 to find x. Anſ. A=. 
6, Given zar . —3=ba—e to find x. 


6—3a 


Anuſ. x= 


64—2 b e 


— ä 
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7. Given -I to find x. Au. . 
YI 8. Given /12+x=2+x/x to find x, A. x==4, 


2 
9. Given x+a= = 


"I a 
to determine x. Anſ. x=— 5 


1 a+x 
0 10. Given Vt to find x, 
| * 
| e 2a 
i — 2a 
1 11. Given /x+ V to find x. 
| a+x 
Arſe x= — 
1 


; a a 
12, Given . to find x, 


F | Auſ. x= . 


13. Given a V a +x VT, to find x, : 


5 
Anf. *õ 2 ＋2 . 


PROBLEM TI. 
To exterminate tau unkiown quantities, or to reduce the tauo 
imple equations containing them, to a ſingle one. 


RULE I. 


t. Obſerve which of the unknown quantities 15 the 
leaſt involved, and find its valve in each of the equa- 
tions, by the methods already explained, 

2. Let the two values thus found be made equal to 
each other, and there will ariſe a new equation with only 
one unknown quantity ia it, whoſe value may be found 
as before, 
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EXAMPLES, 


1. Given 3 to find x and y. 


 FX—2y=10 


From the firſt equation x= 


22—2 
2 


And from the ſecond æx 25 . 


23— 2 10+2y 


Conſequently ————= : 


Or 115=199=20+45, 


That i is y== 5, 


And x= 15 8 224. 


2. Given 2 to find x and y, 


Frem the firſt equation x =a—y, 
And from the ſecond x=b , 


Therefore a—y=b+y, or 2y=a—b, 


Conſequently y=—= „ and xX=a—) 
Or ne Ss ET * 
| 2 "I 


5, Given 1 111 to find x ard y. 


4 58 
From the firft equation x=14— 2 


Ani from the e a2 24— 2, 


— —— RN 
=— 
= 


OS 1 — 
— — —_ 
— ——  - 


E u _- 
— — —— — —— 


—— — 


r 


r 


3 — 
vs nll ate. — A. be 


— T 
ww = | 


- . —— 
Mos 2 ˙— AAS > nr . 
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Therefore 14— = I 


And 42—2y=72— L, 


| 2 
Or $4—43y=144—Y 3 
IF hence 5 y= 144—84=60, 

And =D =12, 


27 


Or - -. 


4. Given 4x +y=34, and 45 TK = 16, to find x 


and y. Anſ. x=8, and y=2. 
5. Given — and 1 to find 
n AE. 1 
x and q. I 


6, Glen | TIS and x*—y*=4, to find x and y. 


3244 naw 
— 452 — 
A. x= — e. 


7. Given x—y=d, and Xx: ):: : , to find x 
and 5. | 


RULE II. 


1. Conſider which of the unknown quantities you 
would firſt exterminate, and let its value be found in that 
equation where it is leaſt involved. 

2, Subſtitute the value, thus found, for its equal in the 
other equation, and there will ariſe a new equation, with 
only one unknown quantity, whoſe value mor be found 
as before. 
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$4 — — ED hd 


EXAMPLES. 


1. Given 1 73 to fin] x and y. 


From the firſt equation x=17—2y. 
And this value ſubſtituted for x in the ſecond, gives a 
(17—29) X 3—y=2» 
7 51 —by—y2=2, or 5Il—Jy=2; 
That is 7y=51—2=49; 


hence r. and x=17—2y=I7—14=3. 


2. Given 33 to find x and y, 
— 88 
From the firſt equation * 213—9. 
An1 this value being ſi:bſtituted fer x in the 24, 
giv's 13—y—y=3, 07 1 —2Y=3, 
That is 2y=13—3=10, 


Whence 5, and x=13—y=13—;=8. 


. 4217219 
3. Given 12 3 to find x and y. 
The firſt am log y turned into an equation 
; ay 
is lx gay, or — 


And this value of x being ſub/tituted in the 24, 


2..2 
give. (7 ) + Nc, or 72 +y*=c, 


2 


Or 4924 b*y* =cb?, or y — 


2 


Whence z=( > 


A b. and x=( — 
H 1 
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4. Given 2x+33y=16, and 3x—2y=11, to find x 
and y. Anſ. x=5, and) . 


5. Given 75 =, and 1 5t, to find x and y, 
Arſe x==7 and y=14. 


6. Given=—12=2 +8, and 45 3 — 
+27, to find x and 5. Anſ. bo and y=40. 


7. Given 4: 5: : * 55 and xa%—j3=4, 34 x and y, 
oy (= Y ye ( ex _ )* von 8 


RULE III. 


1. Let the given equations be multiplied or divided 
by ſuch numbers or quantities as will make the term 
which contains one of the unknown quantities the ſame 
in both equations. 

2. Then by adding or ſubtracting the equations, ac- 
cording as is required, there will ariſe a new equation 
with only one unknown quantity as before. 


EXAMPLES, 


. 3x + $y=40 
1. Given ſ 4. to find x and y. 
Firft, multiply the 2d equation by 3, and it 
will give 3x +0y=42. 
Then from the laſi equaticn ſubtrad the frſt, 
aud it qwvill give Gy—; y=42—40, or y=2, 
and therefore x {—2=14—4==10. 
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yen J 2 9 
2. Given 4 72 to find x and y. 


Let the firſt equation be multiplied by 2, and the 2d by 
5, and we ſhall have 10x— 6y=18 
loxr+25y=80 
And if the former of theſe be ſubtracted from the latter, 


© 
it will give 31y=62, or == 


9+3 


2 —— — e ** 5 


Aud conſequently x 


, by the firſt equaticn, 
Or 3 3. | 
Another method. 


Multiply the firſt equation by 5, and the ſecond by 3, 


2 $A——ISY—45 
| ns we ſpall have { 824155 48 
Now, let theſe two equations be added together, 


and the ſum will be ZIX=093, or 182 


16—2x 


Aud conſequently y= 


16—6 10 
—.— 22 as before. 
5 5 7 


, by the ſicend equation, 


Or * 


MISCELLANEOUS EXAMPLES, 


1. Given oö and ier ig, to 


find x and y. * 


Anſ. x=19 and y=3. 


2, Given 


” 
4 


— +14=18, and 24 16 19, to 
3 
find x and v. 


Ani X=5 and y=2, 
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3. Given V4 Ezs8, and nn 
find x and y. Am. x=6 aniy=8. 


4. Given ax + by=c, and dx HHV, to find x and q. 


ce—bf afe—dc 
X — 43 == 
** x — 9 


— 


PROBLEM II. 


To exterminate three uninrun quantitics, er te ridute the 
three ſimple equations, containing them, to a ſingle ont. 


RULEs 


. Let x, y, and x, be the three unknown quantitic: 
to be exterminated, 


2. Find the value of x from each of the three given 
equations. 


3. Compare the firſt value of x with the ſecond, and 
an equation will ariſe involving only y and z. 


4. In like manner, compare the firft value of x with 
the third, and another equation will ariſe involving only 
y and 2, 


5. Find the values of y and z from theſe two equa- 
tions, according to the former rules, and xr, y, aud æ, 
will be exterminated as required, 


Nate. Any number of unknown quantities may be 
exterminated in nearly the ſame manner; but there ae 
often much ſhorter methods for performing the opera- 
lion, which will be beſt learnt from practice. 


SIMPLE EQUATIONS. 77 


EXAM PI. ES. 


4 x+ y+ 2=29 
1. Given J x+2y+32=62 þ to find x, y, and &, 
Ur 11 10 

From the firſt x==29—y—2z. 

From the ſecond x=b&2 —2y—3z. 


2 
From the third x=20— 25 2 9: 


2 
Whence 29—y —2==62—2y—3Z, 
5 


A, from the firjt of theſe y=33—2%» 


* 


And from the ſecond y=27— 5 


Therefore 23—222827— — or $=12, 
l hence alſo y=33—2Z=9, 
And x 29-7 -=. 


ix-+ iy +12=62 
2. Given Lb n to find x, y, and . 
a * +33 +4 =38 
Firſt, the given equations, cleared of fractions, become 
12x + fs8+ 6z=1488 
20x TI 128 22820 
30x T2 + 2c2=4590 
And, if the ſecond of theſe equations be ſubtracted from 


double the firſt, and three times the third from ſeue times the 
fecond, wwe hall have ; 


4x+ 52156 
10x +2y=420 
H 3 


ee 


— ? — _ 
— ä — 


ht 
— " — 
. r — 


2 
— 
— — — 


oy "2&7 * 
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And again, if the ſecond of theſe be ſubtracted from three 
times the fi, it will give 


; I 2Xx—1I0x=408—420, e r. 
Therefore y=156—4x=60, and n= 4 4 
— 120. 


3. Given x+y+2=53, X T2 ＋T 38 105, and 
* 2y +42=134, to find x, y, and . 
Anſ. æ 24, y =, and z=23, 


4. Given x+y=a, x+2=6, and y+z=c, to find 
x, y, and 2, 


5. Given 


ax + by TC 
125 14 „ to find x, , and =, 
(g ＋ AZ 


A COLLECTION OF QUESTIONS PRODUCING 


SIMPLE EQUATIONS. 


1, To find two numbers, ſuch that their ſum ſhall be 
40, and their difference 16. 


* 
4 


Let x dencte the leaſt of the two numbers required, 
Then duill x + 16= to the greater, 
And x+x + 16==40 by the queſtion, 
That is 2xX=40—10=24, 
24 


Or * 2 leaſt number, 


And 14 16212 +16=28= greater number required, 
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2. What number is that whoſe + part exceeds its 2 
part by 16? 


Let x = number required, 


Then will its 5 part be 5 and its 1 part = ; 
83 
And therefore 55 by the queſtion, 


That is, x— 18. or 4X—3x=192 3 
hence x=192 the number required, 


3. Divide 1000l. between a, n, and c, fo that a ſhall 
have 721. more than B, and c lool. more than a. 


Let x= B's ſhare of the given ſum, 
Then will x + 72== A ſhare, 
And x +172= C's ſhare, 
And the ſum of all their ſhares x K +72 +x +172, 
Or 3x +244=1000 by the queſti:n, 
That is zx —=100C—244=756, 
Or ax ma cal, = B's ſhare. 
Aud x+72=252 +72=324l. = A's ſhare. 
And x +172=252+172=424l. = C's ſhare. 
2521. 
324l. 
4241. 


1000l, the proof. 


4. A prize of roool. is to be divided between two 
perſons, whoſe ſhares therein are in the proportion of 7 
io 9; required the ſhare of each, 

Let x= firft prrſun's ſhare, 
Then will 1006—x= ſecend perſen's ſhare, 
And x: looo -:: 7 : 9, by the queſtion, 
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That is gx==(1l00c—x) X Y 0007 x, 
Or gx +7x=16x=7000, 

437. 10s. = / ſhare, 

Aud 1000—x=1000—4371. 10s. = 5621. 10s. 2d ſhare. 


Whince x= 


5. The paving of a ſquare at 2s. a yard, coſts as much 


as the incloſing it at 5s. a yard: required the ſide of the 
ſquare, 


Let x= fide of the ſquare ſought, 

Then 4x = yards of incloſure, 

And a*= yards of pavement ; 

I heice 4x X 5 =20x= price of inclaſirg, 
And * 22=23*= price of paving. 

But 2x*=2cx ty the queſtion, 


Trerefire 24Z=20, and a=10= length of the fide re- 
quired, 


6. A labourer engaged to ſerve for 40 days upon 
theſe conditions, that for every day he worked he was 
to receive 20d. but for every day he played, or was 
abſent, he was to forfeit 8d. now at the end of the 
time he had to receive 11. 11s. 8d. it is required to 


nd how many days he worked, and how many he was 
idle. 


Let x be the numler of days he worked, 
Then will 40—x bs the number of days he aba idle, 
Alſo x X 20=20x= ſum ecrned, 
And (4c—x) * S zac ſum forfeited, 
Hhence 20x-—(32c—-8x)=: 3804. (11. 118. 8d.) by the 
gurſtion ; that is, 20%—320+ 8x= 380, 
Or 28x-=280 + 320==700, 


And e 5= number of days he worked, 


And 40—x3=4&—25:=15 number of days be 
Was idle. 
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7. Out of a caſk of wine, which had leaked away 7, 
21 gallons were drawn; and then, being gauged, it ap- 
yarcd to be half full; how much did it hold? 


Let it be ſuppoſed to have held æ gallons, 
| Then it would have leaked _ gallons, 


id conſequently there had been taken away 21 + J gollons, 
But 21+ = by the 7g on, 


That is 634+x=", 


Or 126+ 2K zx. 
H:ince 3x—2x=126, 
Or x=126= number of gallins required. 


8. What fraction is that to the numerator of which, 
if 1 be added, the value will be 1; hat if 1 be added to 
the denominator, its value will be 4? 


Let the fraction be repreſented by 5 


Ten will 4 
JN 


And — 
Y+1 
Or 3x+3==y, 
And 4x=y +1. 
Hence 4a — 3A — 3 + 1—y, 
That ts x—3=1, 


Or x=4, «nly=3x+3=Il2+3=i;o 


I 
3 
* I 
9 
4 


So that Thx fradticn r:9u. red. 


— — = . 
- a * * — 7 * * — 
— . . Pins, — — 1 — 


— - 


INES — 


—— 


— = 2 
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9. A market woman bought in a certain number of 
eggs at 2 a penny, and as many at 3 a penny, and ſold 
them all out again at the rate of 5 for two-pence, and by 
ſo deing loſt 4d. what number of eggs had the ? 


Let x= number of eggs of each ſort, 
Then will - = price of the firſt fart, 


And —= trice of the ſecen 1 fort ; 
But 5$:2:: 2x (the whole number of eggs) : 1. 
li Icuce 1 price of bath fort, at five fur 24, 
And _ +> —D=4 Ly the guęſtion; 
That is . 
3 
Or 31 T 2x— = =24; 


Or 15x + 10x<—=24x=120, 
Whente x=120= number of eggs of each ſort rtquired, 


10. If a can do a piece of work alone in ten days, and 


B in thirteen ; ſet them both about it together, in what 
time will it be finiſhed ? 


Let the time ſought be dented Ly x, 
Then 10 days: 1 work : : x days : 10 


And 13 days : 1 work : : x days: Ty 
Hence = = fart done by A in x days; 


And = = far! done by n in x duys. 
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Conſequently 18 aa 

That is = +X=13, or 13x+10x=130 ; 


And therefore 23x==130, or x=22=515 days, the tine 
required, 23 


11. If one agent a, alone, can produce an effect e, 


in the time a, and another agent B, alone, in the time 4; 


in what time will they both together produce the ſame 
effect? 


Let the time ſought be denoted by x. 
Then a: e:: x: 7 = part of the effect produced by A, 


And b: e:: x: = part of the ee produced by By 
Whence 7 + 5 =e ly the gusſtion; 
x «& 
Or ——- 7 3 
That is x+—=a 3 
Or bx+ax=ba ; 


ba ; ” 
And conſequently ef TP mg time required. 


QUESTIONS FOR PRACTICE, 


1. What two numbers are thoſe whoſe difference is 7, 
and © 33. Anſ. 3 and 20. 
2. To divide the number 7; into two ſuch parts, 
that three times the greater may exceed ſeven times the 
 tels by ib. ; Arſe. 54 and 21. 


— — — r — » — — 8 — PP: — 3 
— — 4 — — — — — - - = a 
=o ell ie r ͤ ů r 5 7 _) 11m 
r 4 
4 * 


— a2 
WS 
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3. In a mixture of wine and cyder, 4 of the whole 
plus 25 gallons was wine, and + part minus 5 gallons was 
cyder: how many gallons were there of each? 

IRS, . Anſ. 85 of wine, and 35 of cyder. 

4. A bill of 120). was paid in guineas and moidores, 
and the number of pieces of both ſorts that were uſed 
was juſt 100; how many were there of each? 

| Anſ. 50 M, each. 

5. Two travellers ſet out at the ſame time from Lon- 
don and York, whoſe diſtance is 150 miles; one of 
them goes 8 miles a day, and the other 7 ; in what time 
will they meet ? An}. in 10 days. 


6. At a certain eleftion 375 perſons voted, and the 
candidate choſen had a majority of 91; how many 
voted for each? _An/. 233 for one, and 142 for the other. 


7. What number is that from which, if 5 be ſub- 
tracted, 3 of the remainder will be 40 Anſ. 65. 


8. A poſt is 4 in the mud, + in the water, and 10 
feet above the water; what is its whole length? 
Anſ. 24 feet. 


9. There is a fiſh whoſe tail weighs glb. his head 
weighs as much as his tail and half his body, and his 
body weighs as much as his head and his tail; what is 


the whole weight of the fiſh ? Anſ. 72 1b. 


10. After paying away & and 4 of my money, I had 
65 guineas left in my purſe 3 what was in it at firſt? 
Anſ. 120 guineas, 


11. 4's age is double of B's, and B's is triple of c's, 
and the ſum of all their ages is 140; what is the age of 
each ? Anuſ. As 84, B'S=42, and c=. 

12. Two perſons, a and , lay out equal ſums of 
money in trade; A gains 126). and s loſes 871. and 478 
money is now double of z's; what did each lay out? 

Me 477. 300, 
4 


4 leaps to the grey hound's 3; but two of the 
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13. A perſon bought a chaiſe, horſe, and harnefs, 
for bol. the horſe came to twice the price of the harneſs, 
and the chaiſe to twice the price of the horſe and har- 
neſs; what did he give for each ? 

Anſ. 131. 6s. 8d. for the horſe, 61. 135. 47. for the 
harntſs, and 40l. for the chaiſe. 

14. Two perſons, a andes, have both the ſame in- 
come: a ſaves g of his yearly, but n, by ſpending gol. 
per annum more than A, at the end of 4 years finds bim- 
ſelf 100l. in debt: what is their income? An. 125. 


15. A perſon has two horſes, and a ſaddle worth gol. 
now if the ſaddle be put on the back of the firſt horſe, 
it will make his value double that of the ſecond ; but 
if it be put on the back of the ſecond, it will make his 
yalue triple that of the firſt; what is the vaiue of each 


horle ? Anſ. One zol. and the other 40l. 


16. To divide the number 36 into three ſuch parts 
that 1 of the firſt, & of the ſecond, and 4 of the third, 
may be all equal to each other ? 


Anſ. The parts are 8, 12, and 16. 


17. A footman agreed to ſerve his maſter for 81. a 
year and a livery, but was turned away at the end of 7 
months, and received only 2!. 13s. 4d. and his livery ; 
what was its value ? Anſ. 41. 165. 


18. A perſon was deſirous of giving 3d. a- piece to 
ſome beggars, but found that he had not money enough 
in his pocket by 8d. he therefore gave them each 2d. 
ard had then 3d. remaining ; required the number of 
beggars ? An). 11. 


19. A hare is 0 leaps before a greyhound, and takes 


grey - 
hound's leaps arc as much as three of the hare's; how 


many leaps muſt the greyhound take to catch the hare ? 
N An,. 300. 
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20. A perſon in play loſt + of his money, and ther 
won 3 ſhillings ; after which he loſt 4 of what he then 
had, and then won 2 ſhillings; laſtly he loſt 3 of what 
he then had : and, this done, found he had but 12s. 
remaining ; what had he at firſt ? Anſ. 20s, 

21. To divide the number go into 4 ſuch parts, that 
if the firſt be increaſed by 2, the ſecond diminiſhed by 2, 
the third multiplied by 2, and the fourth divided by 2; 
the ſum, difference, product, and quotient ſhall be all 
equal to-each other, 

Arſe. The parts are 18, 22, 1C, and 40, reſpectively. 

22. The hour and minute hand of a clock are exactly 
together at 12 o'clock ; when are they next together ? 

Anſ. 1 ho. 5 Fr min. 

23. There is an iſland 73 miles in circumference, and 
three footmen all ſtart together to travel the ſame way 
about it: A goes 5 miles a day, 5 8, and c 10; when 
will they all come together again ? Anſ. 73 days. 

24. How much foreign brandy at 88. per gallon, and 
Britiſh ſpirits at 3s. per gallon, muſt be mixed together, 
ſo that in ſelling the compound at gs. per gallon, the 
diſtiller may clear 30 per cent.? 

Anſ. 51 gallons of brandy, and 14 of ſpirits. 

25. A man and his wife uſually drank out a caſk of 
beer in 12 days; but when the man was from home, it 
laſted the woman zo days; how many days would the 
man alone be in drinking it? Anſ. 20 days, 

26. If a and s together can perform a piece of work 
in 8 days; A and c together in g days; and B and c in 
10 days; how many days will it take each perſon to per- 
torm the ſame work alone? 

Ar. A 14.5 dars, n 1757, and 23 fr. 

27. If three agents, A, B, and c, can produce the 
effects a, b, c, in the times e, /, g, reſpectively; in what 
time would they jointly produce the effect 4? 


. : 
Anſ. r Time. 


WS . i... « Wh 
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QUADRATIC EQUATIONS. 


A ſample quadratic equation is that which involves the 
ſquare of the unknown quantity only. 


An aafefted quadratic tquation is that which involves 
the ſquare of the unknown quantity, together with the 
product that ariſes from multiplying it by ſome known 
quantity. 

Thus ax*=b, is a fimple quadratic equation, 

And ax + bx=c, is an aafetted quadratic equation, 

The rule for a fimple quadratic equation has been 
given already. 


All adfe&ed quadratic equations fall under the three 
following forms : 
1. x* + ax==b 
2. a*—ax=b 
X - aNνπ . . 
The rule for finding the value of x, in each of theſe 
equations, is as follows: 8 


RULE *. 


1. Tranſpoſe all the terms which involve the unknown 
quantity to one ſide of the equation, and the known terms 


to the other, and let them be ranged according to their 
dimenſions, 


— 


*The ſquare root of any quantity may be either + or —, and 
therefore all quadratic equations admit of two ſolutions. Thus the 
ſquare root of + n is n or -; for (+n)x(+n) or (—n) () 
are each equal to 4 *, but the 1quare root of — 1 rr —n:, is 
imaginary or impoſſible. : 

2 


8 QUADRATIC EQUATIONS. 


2. When the ſquare of the unknown quantity has any 
co-efficient prefixed to it, let ali the reſt of the terms be 
divided by that co-efficient, 


3. Add the ſquare of half the co-efficient of the ſecond 
t-rim to both fides of the equation, and that fide which 


involves the unknown quantity will then be a complete 
ſquare. | 


— 


——— — - 
—_— _——_ — 


4. Extract the ſquare root of both ſides of the equa- 
tion, and the value of the unknown quantity will be de- 
termined, as was required, | 


* E LY n — 


-* 
— 


Note, 1. The ſquare root of the firſt ſide of the equa- 
tion is always equal to the unknown quantity, with half 
the co- efficient of the ſecond term ſubjoined to it. 


77757574444 c —— ————— r 


——ꝛx DD—wä 427 * 
— — 


2. All equations, in which there are two terms in- 
volving the unknown quantity, and which have the index 
of the one juſt double that of the other, are ſolved like 
quadratics, by completing the ſquare. 


— 


— 


— 4 


—— — 


- — - = 
_—_— — 
- * 


Thus, 2*+ax*=b, or * +axn=b, are the ſume a. 
quacratics, and the value of the unknown quantily may be 
determined accordingiy. 


———_ 


et 


— — — 


a | So, in the firſt form, (x*+ax==b) where x+Ja is found =: 

1 66 +432?) the root may be either (Uta) or — a:) 

ſince either of them being multiplied by itſelf will produce 6 4a. 
And this ambiguity is expreiled by writing the uncertain ſign 2: 
before / (b +$a*); thus x === N (TIA. 


In this form, where x=== y/ (b +$4a%*)—4Za, the firſt value of 
x, Viz, x = + y (b—TLa?)— a i: always affirmativez for {ne 
$a: ＋ is greater than $a”, the greateſt ſquare muſt neceſſarily hive 
the greateſt ſquare root; therefore e | 4a*) will always be greater 
thai . gar, or its equal 4 and conirqu-ntly + v/ (6 4 Lat) — $a 
will alway« be aftirmatiy?, 
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EXAMPLES, 


1. Given x*+4r=140 to find x. 


Firſt, x*+4x +4=140+4=144, ty completing toe 
ſquare. | 
Then /(x*+4x+4)= 144 Ly extrafting the root ; 
Or, which is the ſame thing, x + 2=12, 


Ard therefore x=12—2==10. 


2. Given x*?—5x+8=80, to find x, 
Fri, x*%—5x=80—3=72 by !ranſpoſitions 
Then & O + 9=72+9= 81 by completing the ſquare, 
Aid x—3 = V q by extrading the root. 
Therefore g + 3=12. 


— 


The ſecond value, viz. x=—y/ (b+La*)—ta, will always be 
negative, b cauſe it is compoſed of tio negati\e terms, Therefore 
when x24 ax b, we ſhall have x = + / (6 + Ja*)—4$8a. for the 
atHrmative value of x, and x -N (5 +Ta*) -a for the negative 
value of x. 

In the ſ:cond form, where x= >= / (ai) A za the firſt value, 
viz. x =+ (ar) +3a is always affirmative, ſince it is compcted 
of two affirmative terms. The ſecond value, viz. x =— (5 1a: ) 
+ 3a will always be negative; for ſince 6 4a is greater than 4a, 
v (6 + fat) will be greater than Jar, or its equal 3a; and conſe- 
quently — y/ (6 Jaz) +3a is always a negative quantity. 


Therefore when x*—ax = b, we thall have x =-Þ «/ ana 
for the affirmative value of x, and x=—y/ 142) Za for the 
negative value of x; ſo that in both the fiiſt and ſecond forms, the 
unkno&n quantity has always two values, one of which is poſicives 
and the other negative. 1 

3 


—.-* 2 


— 


82 —— I _— FA 
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* 
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3. Given 2x*+ 8+—202=70. to find x. 
Firſ!, 2x*+8:2=50 + 20==g0 by tranſpoſition. 
Them a + 4x==45 by dividing by 2, 
And x*+ 4x +4=49 by completing the ſquare ; 
hence x +2=4/49=7 by extracting the root, 
Aud conſequently x==7 —2=5. 


4. Given 3x*—3x+6=51, to find x, 
Here, a — X ＋ 2 1 by dividing by 3, 
Ani -x 1-2 by tranſprſetion ; 
Al *—r+ E=13—2+{=7; by completing the ſquare. 
: And x— A = Vg & by evolution; 
Therefore x=} = the anſaber. 


TOO” --"o 
5. Given 2 1 +207=423, to find x. 


1 7 


Flere = — A2 2022 24 by tranſpoſition. 
And x*— 443 by multiplying by 2. 


Il hence &“ — =+1=447 +L=44+ by completing the 
fqanare, 3 | 

Ant x— r v/444=65 by evolution. 

Therefore x=64 +4=7 the anſwer, 


— 
LS 


In the third form, where & 2 A N (Jar — b) + Za, both the values 
of x will be poſitive, ſuppoſing Ja* is greater than 6. For the fuſt 
value, vize x = + / (Ja - b) + 2a will then be effirmative, being 
compoſed of two afhrmative terms. 5 

Th ſecond value, vis. x =— (442-5) 3a is affirmative ; tor 
ſince zar is greater then Ja%—b, 427 or 7 is greater than 
Ga-); and conſequenily—./ (4a*+—6b) 4 will always be an 
afhrmative quantity. Therefore, when x*—ax Ib, we tnall have 
x = +) (ba*—b)+4a, and allo x=— N {La%—b) 4 Za for d 
athrmative values of x, 


3 
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6, Given ax bx==c, to find x, 
Firft, x* + = v =— by-divijion ; 


R "3 | 
Then x*+ 4 1255 1 ⁊7 5 by completing the ſquare ; 


2 j2 
Aut x+ [8 a — IF. = 8 ) by evolution; 


\a 
5 * b 
— — —— 
Therefore x= = 4/ COST 2 


7. Given 3 to find x, 
Here, ax - - by tranſpsſition, 


41 * da— 
And - — 6 divilon, 
a 


a i 3 
1% x%— = — by completing the ſquare 


a 
b de #* 
— — Kt VR: eds 
Therefore x = 2 * „ " +=): 
8. Given K 2ax*=56, to find x. 
Here, x* + 2ax* + a*=b-þ a* by completing the ſquare, 
And x*+@=4/{b+ a*) by evolution ; 
Whence x*= 4/(6+a*)—a, 


And co quent A = V N TFA. 


— — — 


But in this third form, if þ be greater than Jar, the ſolution cf 
the propoſed queſtion will be impoſſible. For fince the Aare of any 
quantity (whether that quantity be afhrmative or neg ative) 18 always 
affirmative, the ſquare root of a negative quantity is impoſſible, and 
cannot be aſſigned, But if “ be g eater than 4a*, then 342 —6 is 2 


negative quantity; and therefore . (44 ) is impoſſible, or ima- 


ginary; conſequently in that dale x Za NV (La-) is aleaga 
impoſſible, or imaginary, 
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9. Given ö to find x. 
Firſt, axt—biic—d by tranſpoſition, 


5 * — 
Aud & — — 7—.— Ly diviſion, 


— 5 
IE by completing the ſquare. 


And pl OE. DP — + n; 


24 


= 


EP 2 
Therefore ** 2 
ä 4a² 
gac—4o04 + b* * 
44 } 
| EXAMPLES FOR PRACTICE. 


Given a*—$x-+ 10=19 to find x. Anſ. x. 
Given x*—x—40==170 to find x. Aa is. 

3. Given 3x*+ 24a —9 2 6 to find x. Auſ. x=5. 
4. Given 4x*—!x+7j=8 to find x. An. x=14. 
5. Given 2a*—x*=496 to find x. Anſ. x. 
6. 
7. 
8. 


Aud * RT 2 * * 
a 


Given 2x — Nag 2235 to find x, Anſ. x:=49. 
Given 3x*+4:=# to find x. Aazſ. .6C8g, 
Given a*+6x3=2 to find x, | 
Arſ. x VII. 
9. Given a K x:=a to find x. Ans x= aA). 

10. Given x—4/x=a to find x. | 
Mn. x==(1iX Vas)” 

Given zazn — zx e 25 to find x, 

Anf/. x=(3 10+3 3%, 


12. Given Vii -2Y/1+x=4 to find x, 
Anſ. x=(1 + 4/5)*—1. 
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QUESTIONS PRODUCING QUADRATIC EQUATIONS. 


1. To find two numbers whoſe difference 1s 8, and 
product 240. x 


Let æ to the leaſt number, 
Then cuil x + 8== to the greater, 
And x x (x +8)=a*+8x==240 by the queſtion ; 

Il lence x*+ 8x +16==240+16==256 Ly completing the 
ſquare, | 
Alſo x + 4= /256==16 by evolution; 

And therefore x==16—4=12== lier number, and 12 +8 

==20=c greater, 


2. To divide the number 60 into two ſuch parts that 
their product may be 864. 


Let x= greater part, 
| Fhen will b0—x= bfs, | 

And x x (6c—x)= 60:—x*= 864 by the queſtion ; 

That is x*—50x=—804 ; 
N hence x*—-box + g00=-—864 + g00=36 by completing 
the ſquare. 

Alſo x—30=4/36=6 by eætroctiug the root; 

And therefore x 6 + 30.=36= greater parts 
And b0—x—60—36=2 4 ler. 


3. Given the ſum of two numbers loca), and the 
ſum of their ſquares = 53 (6) to find thoſe numbers, 


Let x= greater of the two numbers, 
Then will a—x= tejs ; 
Ani x* + (a—x)*=22? +a*—2ax=6 by the queftion, 


Or * ＋2 — by divifion, 
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b * ba? 
Or * a.. — 7 * by tranſpoſition. 


8 SS 2 3 

Hence x*—ax + _— - — . by completing 
HR 

2 ba? 


a 
— 22 
* 

4 


the ſquare. 
Al. x 72 * 


by eætraqting the root; 


And therefore x= = 


+ . greater number, 


4. (2A = 1 —— li. 


Hence theſe tao theorems, being put into numbers, give 7 
and 3, fer the numbers required. 


4. Sold a piece of cloth for 241. and gained as much 
fer cent. as the cloth coſt me ;- what was the price of the 
cloth ? 

Let x= pounds the cloth eg, 
Thin 24— g whole gain 
But loo: x:: x: 24—x 5 the queſtion, 
Or x*==100 x (24—x)=2400—100x), 
That is x*+ 100x==2400, | 
Whencs * + 100x + 2500=2400+ 25004909 by com- 
pleting the ſquare. 
And x + 5$0=4/ 4900==70 by extradticn of roots, 
Conſequently x=72-—50=20l,= rice of the cloth. 


'* 5. A perſon bought a number of oxen for gol. and 


if he had bought four more for the ſame money, he 
would have paid 11. leſs for each: how many did he 
buy ? | 

„Loet the numb.r of oxen be repreſented by x. 


* 


Then well = be the [rice of each, 
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Bo 


"Vie price of each, if x +4 had cot 80l, 


But — —— 
x 4K 44 


go 

Or 8&9= —_— + x, 

Or 80x + 320=80x+x* + Ax, 

That is ** + 4x=320, 
hence x*+4x +4 = 320+4 = 324 by completing the 

Square, 
An1 x + 2= 4/324=18 by evolution, 

Conſequently x=18—2=16= number of oxen required. 


And 


+ 1 Ly the queſtion, 


6. What two numbers are thoſe whoſe ſum, product, | 


and difference of their ſquares, are all equal to each 
other? | 


Let x = greater numbcr, 
Au y = tefs, 
: x Ty : 
Then 1 a4 y=atong by the queſtion, 
" EI. 
And 1= = , or x=y+1 from the 2d equation, 
x+y | ; 
Alſo (y+1) +y=(y3+1) ron the frft equation, 
Or 2y+1=y*+y, 
That is yi—y= I, 
Whence y*—y +414 by completing the ſquare, 


I q 5 : 
Af pwn nn DH = EZ bþ lution, 
. Aſo 5 14 7 'y evolution 


Conſequently y= LEM —= Lt , and & 
543 i : 

———2, Ard if theſe expreſſions be turned into number: 
K 


we hall have x=2.6180+ 
and y=1,60180+ 
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7. There are four numbers in arithmetical progrefſ on, 
of which the product of the two extremes is 45, and that 
of the means 77; what are the numbers? 


Let x= leſs extreme. 
ani y= cmmon difference, 
Then x, x +y, x +2y, x + 3y, will be the four numbers, 
r by the 
(x+5) Xx (x + 2y)=x*+ 3xy + 23*=77 guſſtion, 
Whence :y*=7T—45=32 by ſubiradion, and YP=== 16 
by diviſion. 10 
| Or y=4/ 16==4 by evolution, 
Therefore x* + 3xy=x*+124=45 by the 1 equation, 
Alſo x*+ 124 + 36=45 + 36==81 by completing the ſquare, 
And x + 6= 4/81 =9 by the exira#ion of roots, 


Conſequentiy x=g—6=3, and the numbers are 3, 7, il, 
and 15. 


af 


8. To find 3 numbers in geometrical progreſſion, 
whoſe ſum ſhall be 14, and the ſum of their ſquares 84. 


Let x, y, and x, be the numbers ſought, 
Then xz=y* by the nature of f rotortion, 


« +y +2=14 


But x + 2=14—y by the 24 equation, 
Aid * + 2x2+2*=196—28y + z* by ſquaring both ſides, 


Ora + 2* +2y*=196—28y + z* by putting 2y* for iti 
equal 2x2. 


That is x**+2*+y*=196—28y by ſubtrafion, 
Or 196—2xy=?4 by equality, 


6—8 . 
Hence l tranſpoſitien and diviſion. 


ti 
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Again, x$=y*==16, or x=D by the Iſt equation, 


And x+3—a=D +44 2=14 by the 2d equation, 


Or 16+4z+2*=14x, er —1c 2 —16, 
I hence x — 103 ＋H 25 225 —16229 by completing the 
Squere, 
And 2— 5 Vz. or z=3+5=8, 
Conſequently x=14—y— 2=14—4—8=2, and the num- 
bers are 2, 4, 8. | | 
9. The ſum (s) and the product (9) of any two num- 


bers being given; to find the ſum of the ſquares, cubes, 
biquadrates, &c. of thoſe numbers, 


Let the two numbers be denoted by x and y. 
Then ill 3 — Þ by the gueſtion. 


But (y) T zA H = by involution, 
and x* + 2xy + y*—2xy=s*— 2p by ſubtraction. 
That is y*=s*—2þp = ſum of the ſquares. 
Again, (x*+y*) X(x+y)=(5*—2þp) Xs by multiflica!ion, 
Or x* + N (x +y) +$y* =5s*—20p, 
Or x3 + sp =- 2% ty ſu! /[tituting 5þ for its equal 
X *g); 
And therefore x* + y*=s* — 37 = ſum of the cubes. 
In like manner, (x*+3*) X (K =- 357) * by multi- 
plication, 9 
Or x* +ay (& 457) 45% 43579, 
Or KG 2p. +3j*=5*— 3, %%, by ſub/ittuting ? & 
(*—2þ) for its equal NC 43%) 3 
And conjequently, a += — 2587p — N (3 2p) = — 
4% + 2p* = ſum of the biguadrates, or fourth power: ; 
And the ſum of the nth, powers is 1 —nSp + . 


pegs. 0 4 2. 
2 8 | 2 
. 

r , Cc. 
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19. The ſum (a) and the ſum of the ſquares (6) of 
four numbers in geometrical progreſſion being given; 
to find thoſe numbers. 


Let x and y denote the two numbers. 


12 2 
Then will - and — b: the two extremes by the nature 


of proportion. 


Alſo, let the ſum of the two means =s, and their produt 


T ; os will the Jum of the two extremes =a—s by the 
queſtion, and their product p, Ly the nature of pro- 


portic *. 


x* + == 2 : 
Hence 155 Naſa] þ by the laſt problem. 


3 | 
And x* 4 AAT. + (a—s)* — 4p = 6 by the 
gurſtion. " 
2 2 


e e ; 
Again, - + 7 =A— by the queſtion, 
Or x* +3* =xy X (a—s) =þ x (a—s). 
But x +y* =55—3'p by the loft problem; 
And therefore p & (a—:1)=5*— 35 by equality, 
Or pap + 3p5=þpa + 2p5=5?, 


3 . — ,» 
Or FE by diviſion ; 
WW hence 1 + (a—sY*—4þ = + (as) — * 3, by 
ſul ſtitution. ES @-+ 25 
Or 4 Inn by reduction. 
1 
Aud = ( = + 12 


extradling the root. 
And from this value of 5, all the rift of the quantities p, x. 
and y, may be readily determined. 


2. 


0 — 2 by comp. the ſquare, and 


md 


1 
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QUESTIONS FOR PRACTICE. 


1. What two numbers are thoſe whoſe ſum is 20, and 
their product 36? Anſ. 2 ard 18. 


2. To divide the number 60 into two ſoch parts, that 
their product may be to the ſum of their ſquares in the 
ratio of 2 to 5, An. 20 and 40. 


3. The difference of two numbers is 3, and the 
difference of their cubes is 117; what are thoſe num- 


bers ? Anſ. 2 and 5. 


4. A company at a tavern had 81. 15s. to pay for 
their reckoning z but, before the bill was ſettled, two 
of them left the room, and then thoſe who remained had 


10s. 2-plece more to pay than before: how many were 
there in company ? 42. 7. 


5. A grazier bought as many ſheep as coſt him 60l. 
and, after reſerving 15 out of the number, he ſold the 
remainder for 5 41. Be gained 25, a head by them; how 
many ſheep did he buy ? Anſe. 75. 


6. There are two numbers whoſe difference is 15, and 
half their product is equal to the cube of the leſſer num- 
ber; what are thoſe numbers ? Anſ. 3 and 18, 


7. A perſon bought cloth for 331. 15s. which he ſold 
again at 21, 88. per piece, and gained by the bargain as 
much as one piece colt him ; required the number of 
pieces? Anſ. 15. 


8. What number is that, which, when divided by the 
product of its two digits, the quotient is 3; and if 18 be 
added to it, the digits will be inverted ? Anſ. 24. 


9. What two numbers are thoſe whoſe ſum multiplied 
by the greater is equal to 77; and whoſe difference mul- 
tiphed by the leſſer is equal to 12? Anſ. 4 and 7. 

| K 2 
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10. To find a number ſuch that if you ſubtract it from 


ro, and multiply the remainder by the number itlel?, 


the product ſhall be 21. 44. 7 er 3. 
11, To divide 100 into two ſuch parts, that the ſum 
of their ſquare roots may be 14. Anſ. 64 and 30, 


12. It is required to divide the number 24 into two 
ſuch parts, that their product may be equal to 35 times 
their difference. Anſ. 10 and ig. 


13. The ſum of two numbers is 8, ard the ſum of 


their cubes is 152; what are the numbers? 
Anf. 3 and To 


14. The ſum of two numbers is 7, and the ſum of 
their 4th power is 641 ; what are the numbers ? 


Anſ/. 2 and 5, 


15. The ſum of two numbers is 6, and the ſum of 
their 5th power is 1056; what are the numbers? 
Anl. 2 and 4. 


16. The ſum of four numbers in arithmetical pro- 
greflion is 56, and the ſum of their ſquares is 864 ; what 
aie the numbers ? An. 8, 12, 16, and 20. 


17. To find four numbers in geometrical progreſſion 
whoſe ſum is 15, and the ſum of their ſquares 85? 
Anſ. 1, 2, 4, ant 8, 


18. It is required to find four numbers in arithmetical 
progreſſion, fuch that their common difference may be 4, 
and their continued product 176985. 

Anſ. 15, 19, 23, and 27. 


19. Two partners, a and x, gained 149). by trade; 
A's money was three months in trade, ard his gain was 
Gol. leſs than his ſtock; and 8's miney, winch ws <1, 
more than A's, was in trade five months; wit 22 a's 
Rock ? A. 1ool. 


OF THE NATURE AND FORMATION OF 


EQUATIONS ix GENERAL. 


All equations of ſuperior orders are generated by the 
multiplication of thoſe of inferior orders, involving the 
ſame unknown quantity. 

Thus, a quadratic equation is formed by the multiplica- 
tion of two ſimple equations. 

A cubic equation is produced by the continued multi- 
plication of three ſimple equations, or by one quadratic 
and one ſimple equation. 

A biquadratic equation is generated by the continued 
muitiplication of four ſimple equations; or by two 
quadratic equations; or by one cubic and one ſimple 
equation, &Cc. - 

For, ſuppoſe the unknown quantity to be x, and its 
values in any ſimple equation to be a, , c, 4, &c. 

Theu thole fimple equations, by bringing all the terms 
to one ſide, will become x—a=2, x—b=0, x—.=0, 
xa — ar, &C, 

And the product of any two of theſe, as (x—«) & 
() o, will form a quadratic equation, or one of two 
dime ſions. | 

The product of any three of them, as (x—a) Xx 
(x —b) X ({x—<c) ge, will form a cubic eque ion, or one of 
three dimenſions. 

The product of any four of them, as (x—1) x (x—8) 
* (A -) Xx ( =) Se, will form a biquadratic equation, 
or one of four dimenſions, &c. | 

From hence it appears, that every equation has as 
many roots as it has ſimple equations which produce 
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it, or as there are units in the higheſt dimenſion of the 
unknown quantity. 


For if any of the values of x (a, 6, c, d.) be ſub. 
ſtituted in the place of x in the biquadratic equation 
G X(x—b) x (x—c) x ( - d), all the terms of that 
equation will vaniſh, and the Whole will be equal to 
nothing. 


And as there are no other quantities, beſides theſe 
four, which, ſubſtituted in the place of x, will make the 
product vaniſh, it is plain that the equation cannot poſ- 
ſibly have more than four roots, or admit of more than 
four ſolutions. 


After the ſame manner, it may alſo be ſhewn that no 
equation whatever can have more roots than it contains 
dimenſions of the unknown quantity, 


To make this ſtill plainer by an example in numbers; 
ſuppole the equation to be relolved be x*—10x* + 35.x* 

—zox+ 24=0, and that you diſcover this equation to 
be the ſame with the product of (x—1) Xx (x—2) x ({x—3) 
* (x— 1.) 

Tnen it may be inferred, that the four values of * 
are I, 2, 3, and 4; for any of theſe numbers being put 
for x will make that product, and conſequently * 
I0a3-þ 35a*—50x + 24, equal to nothing, as it is in the 
propoſed equation. 


And it is certain that there can be no other values of 
x beſides theſe four; ſince, if any other number be ſub- 
ſtituted for x in thoſe factors, none of them will vaniſh, 
and therefore their product cannot be equal to Ps 
as it ought to be by the equation, 


The roots of equations are, alſo, either poſitive or ne- 
gative, according as the roots of the ſimple equation from 
whence they are produced are poſitive or negative. 


Thus, if you ſuppoſe x a, X ., x = c, and 


xzd, then will x + a=o, x—b2=5, xc e, and & —4 


the 


reo 


the 
{6 
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Do, and the equation (xa) x (+—b) x (r+c) x (x—4) 

o will have its roots —a, 4, —c, +4. 

But the figns and coefficients of equations will be beſt 
vnderfiood by confidering the following table; where 
the imple equations a—a, -x—b, Ec. being multiplied 
continually together, N ſucceſuvely, the bigher 
equations. 


2 — a 20 
xX—5=09 


n = 22 Do, 4 ſuadralie, 


x — + ab 
7 £3 a o, a cubic, 


X —— 


2 
at — ＋ 4.609 —abc 
— 346 | —4b!\ x+abed=o, a bigua- 
— [44 40 dratic, 
— 4 ＋ be f — ed. 
+ ba i 
+ C7 
&. 


From the inſpection of theſe equations it is plain, that 
the co-effcient of the firſt term is unity, 

be co-efficient of the third term is the ſum of all abe 
roots (a, b, Cy 4 ) K (ONtrary 1 INS, 

The co-efficient of the third term is equal 46 the fum of 
the reden g. es f the roc ts, or of all the pro lucts that can pofe 
0 ariſe by combining them two and two, 
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The co-efficient of the fourth term is equal to the ſum 
of all the f roducta that can paſſibly ariſe by combining them, 


three by three; and ſo on for any other co-efficient what- 


ever. 

The laſt term is always equal to the frat: of all the 
roots with contrary figns ; and this reaſoning will hold, 
whether the roots be poſitive or negative. 

It likewiſe appears, from inſpection, that the ſigns of 
all the terms ot ary equation in the table are alternately 
+ and —. | 

Thus the firſt term 1s always ſome pure power of x, 
and is poßtive. 

The ſecond term is ſome power of x, multiplied by 
the quantities —a, —b, —c, &c. and, fince theſe quan- 
tities are all negative, it follows that the term itſelf muſt 
be negative alſo, 


The third term has the product of any two of theſe 


quantities (a. —b, —c,) for its co-efficient, and is 
therefore poſitive ; fince — X—, as well as + X +, 
gives, +, or an affirmative quantity. 

For the ſame reaſon, the next co-efficient, which is 
formed of the products of any three of theſe negative 
quantities, muſt be negative; and the next following, 
being made up of the products “ any ſour of the ſaid 
negative quantities, mult be poſitive; and fo ou. 

And, from this reaſoning, it plainly appears that awhen 
all the reots are poſitive, the ſigns are plus and minus alter- 
nately. x | 
But if the roots be all negative, as K a, x=—b, 
XK c, x=—d, then (x-+a)Xx(x+6) X( X( 
d) =o, will expreſs the equation to be produced; and 
all the erms will plainly be poſitive. 

So that, when all the roo!s of an equation are negative, 
it is lain lb at there can be no change in the ſigns of the terms 
of that equation. | | ; 
Aad, in general, there will de as many poſitive 
roots in any equation, as there are changes in the 


3 


NATURE OF EQUATIONS. 105 


ſigns of the terms of that equation, from + to —, or 
from — to + ; and all the reſt of the roots will be ne- 
gative, | 

From this rule it follows that, in quadratic equations, 
the two roots may be either both poſitive, or both nega- 
tive, or one negative and one poſitive. 
2 —ax 
—bx 
(x—5) there are two changes of the ſigns, and therefore 
the roots are both poſitive. 


In the equation x x 3+ ab, So, or (x+a) x (x +6) 


there is no change of the ſigns, and conſequently they 
are both negative, 


Thus, in the equation, x + ab=0, or (-a) x 


And, in the equation * —ab=0, or (a—a) & 


(x+5) one of the roots will be affirmative and one ne- 
gative; for, as the firſt term is poſitive and the lalt ne- 
gative, there can be but one change in the ſigus, whether 
the ſecond term be -+ or —. 

In cubic equations, the roots may be all poſitive, or 
all negative; or two cf them may be negative and one 
poſitive, or one ne2ative and two poſitive. 

Thus, in the equation (x—4a) X (=) K c g, 
the ſigns will be alternately + aud —; and, as the 
number of changes is three, the roots mult be all po- 
ſitive, | 

In the equation (x+a) x(x+8) x (x +c)==o, where 
there are no Changes of the {igns the roots mult be all 
negative. 

in the equation x*—(x—b+c) x*+ (ab—ac—bc) x 
abc b, or (x—a) x (A- Xx (AA) tne number of 
changes will be two, and contequently tuo of the roots 
will be poſitive and one negative. 

For if a+6 be greater than c, the ſecond term muſt 
be negative, its co-efficieut being —4, —5, +c; 
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and if a+6 be leſs than c, the third term muſt be ne- 
gative, its co-efficient + ab—ac—bc being in that caſe 
negative, 

In the equation x*-þ (a + b—:) x* + (ab—ac—bc) x 
-a. So, there can be only one change of the figns, and 
therefore one of the roots is poſitive, and the other two 
negative. 

For if a+6& be leſs than c, then the ſecond term is 
negative, and the third muſt be negative alſo: and if 
a be greater than c, the ſecond term will be poſitire, 
and there can be but one change in the other two terms, 
whatever may be their ſigns, 

And, in the ſame manner, this reaſoning may be ex. 
tended to equations of higher dimenſions, and therefore 


the rule will be found to be true in all kinds of equations 
whatever. 


PROBLEM I. 


To increofe or diminiſh the roots of an equation by any given 
cant ty *. 


RULE. 


1. Take ſome new letter, and connect it with the 
given quantity by the ſigns — or +, according as it is 
required to be increaſed or diminiſhed. 

2. Subſlitute the powers of this quantity in the equa- 
tion, inſtcad of the powers of the unknown letter, and 
there will ariſe a new equation, whoſe roots will be aug- 
mented or diminiſhed as required. 


„ 
—— 


* When a cubic equation has two equal roots, it may always be 


reduced to a lower dimenſion, and the ſolution, by that means, madt 
more cy. 
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EXAMPLES, 


1. Let the quadratic equation x*+8x +15=0, be 
given; it is required to increaſe its roots by 7. 


Suppoſe a7, 

Then x*=y*—14y+49 
8x= + 8y—56 
15= ＋15 


Y*—by+ 8=29== to the equation required “. 


2. Let . gx=r=0, be the equation given; 
it is required to diminiſh the roots by the quantity e. 


Suppoſe x=y Te; 
Then x*=y* Tze + zei e | 
—px*= — fy*—2pey—pe* (go, the new equation 
+qx = + 7 Tee required J. 
— 17 | 


3. Let x*+x?—10x+8=0, be given, and let its 
roots be increaſed by 4. 


6 


G 8 8 


— 


* For in the former equation x*+8x+15=0, the roots are —3, 
and — 5, and in the equation yz —6y +8=0, the roots are 2 and 43 
therefore the difference is 7, as was required, 


+ The laſt term of this transformed equation is the fame as the 
given equation, having e in the place of y. 8 

And from this it appears that, if the laſt term of any equation is 
to be deſtroyed, the difficulty will be no leſs than that of ſolving the 
original equation itſelf. 


| 
| 
| 
| 
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Suppoſe XZy—4 3 

Then x* =y*—12y* + 48z—64 
+ A* + y*'— 8y+16 
— |}OxX= —IOy +40 
+85 = ＋ 


Sum ) - 113* + cy go, 
Or y*—1 1y + 30==0, the equation required *, 


In which equation y is found=b6 ; and conſequent! 
AZ2Jes 


PROBLEM II. 


To take away the ſecond term from any equation, 


RULE. 


1. Divide the co-efficient of the ſecond term by the 
index of the highelt power of the unknown quantity, 


2. Annex the quotient, with its ſign changed, to 
ſome new letter, and this, being ſubſtituted for its equal 


in the given equation, will deſtroy the ſecond term, as 
required. 


— 
* 


„In this example the given equation is reduced to a quadratic ; 
and in the preſent caſe, as well as in all others, where the laſt term 
vaniſhes, the number aiſumed (—4) is one of the roots of the pro- 
poſed equation. 


The afiirmative roots of an equation are changed into negative 
ones of the ſame value, and the negative roots into affirmative ones, 


dy only changing the figns of the terms alteraately, beginning with 
the ſecond, 
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FXAMPLES, 


1. Let the quadratic equation r*—3x+15=0 be 
given: it is required to take away its ſecond term. 
Suppoſe x=y+4(5+3); 

Then x*= y*+8y+ 16 

— 8&x= —fy—32 
+15 = +15 


„i geg equation required *. 


2. Let the equation z%—9a*-þ 26r—34=0 be giveng 
it is required to exterminate its ſecond term, | 


Suppoſe x =y+3(y+3)3 
Tre a + gy* + 27y +27 
74 = — 9.50 —81 
+ 26x + 26y +78 
— * 


. JI=y—10=8== equation required, 


—_ _— 


— 


Thus the roots of the equation z+4—xI1—19x>+49x 10 , ate 
+r, +2, +2, —5; but, by changing only the ſecond and fun: th 
terns, the equation becomes x+-þ xi—19x*—49x — 30 e, and che 
routs are —1, —2, —3, +5, 

All the roots of an equation may alſo be made affirmative or n*- 


gative, by increaſing or diminiſhing each of them by ſome known 
quantity. 


From this example it appears, that any quadratic equation may 
be ſolved without completing the ſquare, by only taking away tl 
ſecond term; for ſince y*=1, or y I=1, we ſhall Have x - 3+ 

=14+4=s, the root required. And the ſame may be thewn of 
any other adtected quadratic equation whatever, 


I, 
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| 3. Let x*+8x*—5x*+ 10x—4=0 be given, to cx. 
terminate the ſecond term“. 


| Suppoſe x =y—2(y—7); 


Then a*=y*%—8y* + 24 y*—32y+16 
+ 8x*= + 8p%—483* + 96z—64 


| — F — * ＋205—20 
| +10x = + 10y—20 
_ + ne 


— — — 


5 — 2957 + 96 —92 —=0= equation required, 


4 Let a - -e o be given, to exter- 
minate the ſecond term. | 


Suppoſe x=y + 25 

| Then = + py* + 22 2 280 
| 2 
1 
| + qx*= +. +2 + UM 
W-: : 
| — = 9 

* + xs 


_— 


* Since the ſum of all the roots, in any equation, are equal to the 
co-efficient of the ſecond term, it follows that, when the ſecond 
| term is wanting, the equation has both affirmative and negative roots, 
and that the ſum of the affirmative roots is equal to the ſum of the 
ne a ive ones. 

1 Thus in the cubic equation &« = 6, the three roots are +5» 
—2, and — 1, where it is evident that 3=a +1» 
| 3 


bl 


ſi 
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PROBLEM III. 


T's find whether ſome or all the roots of an equation tt 
ratianal ; and, if ſo, what they are. 


RU LE X. 


1. Find all the diviſors of the laſt term, and ſubſtitute 
them one by one for the unknown quantity. 


2. Then, if the poſitive and negative terms deſtroy 
each other, the diviſor, ſo ſubſtituted, will be one of the 
roots of the equation. 


3. But if none of the diviſors ſucceed, the roots are, 
for the general part, either irrational or impoſſiolz. 


Note, When the diviſors of the laſt term are tor: u- 
merous, they may be diminiſhed by changing tine 
tion into another, whoſe roots are avg: ented 7 4 
creaſed by an unit, or ſome other known quaiuic/ 


EXAMPLES, 


1. Let & -A - f io go be the equation pro- 
poſed. 
Then the diwiſri of (10) the laß term aui be +1, —1, 
+2, —2, +5, —5, +10, — 10. | 


yy — — 


Since the laſt term, in any equation, is alwa s equel to the pro- 
duct of all the roots in that equati n, thoſe roots wuſt, tnerefore, 
neceſſarily be found in the number of its diviſors. 


But this, it is evident, can hold only when the roots are commen- 
ſurate, or Whole numbers. 


L 2 


= — 
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And theſe being ſubft:tuted ſucceſſively inflead of x, will 
give 
1 1 ies 0 
—— 4+ 71102 12 
8— 16—14 +10=—12z 
—8— 16+14+10= o© 
125—100—35 +10= © 


Therefore +1, —2, and +5, are the three root: of tha 
equation required, 


— Let 3%—43%—$y+ 32==0, be the equation pro- 
pole 


. Change it into another, the number of whoſe diviſor: 
Pull be I wy thas, ee OR 
Supprſe y =x +1 
Ten N +45 + 6x*+ 4x+1. 
—4 —— —jx—l2x*—121.— 
—$ = 28 
132 1732 


n 


4b &— 1G ＋ z I= new equation*. 
2. The 4 'fors of the laſi term (21) of this new equa- 
rion are 
I, —I, +3, —3, +7, —7, +21, — 
414 if theſe be ſelflitited ſucceſſively inſtead of *, ave ſhall 
have 
1— 6—16+21= © 
1— 6+ 16+21=32 
8$1—54—48+21= O 
81—54+45+21=9g6 
Sc. where none ef the others ſucceed, 
So that 1 and 3 are the only rational roots, the other two 
being impoſſible, | 


_ 


„ Nute. The diviſor of the laſt term of this new equation may be 
dinunithed in the ſame manner as before. 


pre 
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3. Let x*+3ax%—44%—124%=0, be the equation 
propoſed. 
Here the numeral diwviſors of the laſt term (i245) are 
1, —1, +2, —2, +3 —3, 44, —4, 46, —5, 
| +12, — 12. 
And by ſalſtituting theſe ſucceſſively inflead of x, we ſhall 
bave 
141 3— 4—I2=—12 
—1+ 3+ 4—I2=— 6 
8+ 12— 8—12:= 0 
— + 12+ 8—Il2= ©O 
27 +27 -—12—I2= 30 
—7 +27 +12—I2= Oo _ 
Therefore the three roots are 2a, — 24, and —za. 


PROBLEM IV. 


Te diſcover the roots of equations by S1R IS AAC NEwTON's 
method of diviſors. 


RULE, 


1. Inſtead of the unknown quantity, ſubſtitute ſuc- 
ceſſively three, or more, terms of the arithmetical pro- 
greſſion 2, 1, o, —1, —2. 


2. Collect all the terms of che equation into one ſum, 
and place them, together with their diviſors, in perpen- 
dicular lines, right againſt the correſponding terms of the 
progreſſion 2, 1, o, —1, —2, 


3. Seek amongſt the diviſors for an arithmetical 
progreſſion, whoſe terms correſpond with the order of 
the terms 2, 1, O, —1, —2, and whoſe common dif- 
ference is either unit, or ſome diviſor of the co- 
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efficient of the higheſt power of the unknown quantity in 
the given equation, | 


4. Divide that term of the progreſſion, thus found, 


which ſtands againſt the term o in the firſt progreſſion, 
by the ratio or common difference. 


F. To the quotient laſt found, prefix the fign + or 
—. according as the progreſſion is increaſing or de- 
creaſing, and this number being ſubſtituted for the un- 


known quantity, will be found to be one of the roots of 
the equation, 


Note. When there is more than one progreſſion, the 
:00ts mult be taken out of each. 


EXAMPLES. 


1, Let zx%—x'—lox+6=0, be the equation pro- 
poled. | 

Ihen by ſubflituting ſucceſſively the terms of the progre/- 
Ion 2,1, o, —l, inflead of x, the awork awill /tand as 


Fellows : 


reg. re/ults. diwviſers. 2d prog. 
2 


— 10 1.2. 5 10 5 

1 2 - 1 „4 4 
O + 6 BY „ „ 3 
—1 +14 142.7 1414 


And — z, the term ft anding agairft o, being ſubſtituted for 
*, gig et —27—9+30+6=6; and therefore —3 is a 
root of the equation. 


2. Let 2\%—;x*+4x—10==0, be the equation pro- 
poſed. 

Then, by ſubffituting ſucceſſively the terms of the progreſ- 
fion, 2, 1, O, —1, —2, inflead of x, the work will ſtand 
as fuliows : 


—̃— 
_ ww tt wa@Þtrc jw cad” ” 
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1/2 prog. reſults. diviſors. 2d prog. 
2 — 6 | 1.2.3. 6 . 
8 8 1.329 3 
© —10 1.2. 5 10 5 
— —21 1.327 2 7 
—2 |" wah * 9 


Here 5, the term flanaing againſt o, being divided by 2, the 
common di ſt rence, gives 23; and this being ſubſtituted for 
x, gives JI5S—314 +10—1029; ard therefore 24 is @ 
root of bhe equalnim, 


3. Let x*+x*—291%—9x +1800, be the equation 
propoſed &. | 


Then, by ſu'/{ituting as before, the werk will fland as 


Cello Wiz 


1 pro. reſults. diviſors, progreſſions, 

2] 701. 2.5. 7. 10. 14 Cc. 125 
1144 23.4. 6. 88. 2134 
e 5. 00S | $1413 
-—1 1160] 1.2:4-5. 8. io Oc. i 4 j.5 12 
| —2 | 901.2. 3.5. 6. 9 Sc. 5 611 | 
bat here are four progre//ions, and the numbers 3, 4, = 3, 
and — 5, being each ſubjiituted for x, make the whole equa 
tion vaniſh, and are therefore the roots required. 


| 


Www > w ow 


4. Given x?—x*—46x—72=0, to find the values of 
x, by the method of diviſorss A. +9, —2 and —4. 


5. Given x*—qx?—19x*+46x+120=0, to find the 
values of x, by the method of diviſors. | 


An. + 5» +4, —3, —2. 


Several other rules for diſcovering the roots of equations may be 
found in Newton's and Maclaurin's Algebra. 


| 
| 
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tha 
PROBLEM V. ont 
Te fnd the rocts of cubic equations, according to the 
method of CAR DAN. 
RULE “. it 1 
1. Take away the ſecond term of the equation, 
by problem 2d, and it will be reduced to this form 
Kar- =. 
2. Subſtitute the values of @ and 5, with their proper 
figns, in the following expreſſion, and it will give the 
root required, Thus: 
5 144 
x= VIU V ＋ 4) — ——_— — - 
2 | (5 27 ) v 16+ “ 4) 
root required. 
2 
* 
— _ ns te 
® The rule, from whence this method is derived, is & 2 
MIb+ v (362 +.,5,07) + /Jb—y/ (Þ5*+,3,03); and che inveſti- 
gation of it is as follows : 1 
Let the equation, whoſe root is required, be x3 + a b. 
And aſſume y = x, and y =-. C 
Then, by ſubſtituting theſe values in the given equation, we ſhall F 
have, y3 + 3y*z+ 3yz2* + x34 ax (p+2)=y3+833+} XX OT) Ta 8 
x (y+2)=y3+23—ax(y+82)+ax(y+2)=y3 + 2326, 1 
And if, from the ſquare of this laſt equation there be taken 4 times 
the cube of the equation yz za, we ſhall have y*—2y323 +2%= r 
b2+ , or -= n 53). t 


But the ſum of this equation and y3+ zz 6, is 253 
(52+, a3) and heir difference is 283= b — 4 (5*+.4, 03); whence y 


is found= T v (48*+ £403), and 3== -H 7403 )+ | 
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Note *, When a is negative, and .,a* is greater 
than 32, the ſolution, by this rule, cannot be generally 
obtained, 


F-X AMPLES, 


1. Let 524 33y*+Ggy=13, be the equation propoſed ; 
jt is required to find the value of 5. 


1. In order to d:flroy the ſecond term, let y=x=—=1 ; then 


Y=xI—3x + 3x—1 
2y*= +3x*—dx+3 
Y=  +9x—9 


LY x3 + bx—7 2213 
er & + 6x=20. 


i. 
— — —_— 


And from hence it appears, that y Tx, or its equal x, is = 
= (T (n ), which is the theo 
tem. 


Or, fince x is = = it will be y+z=y 5 


2 ,. 42 
V 36+ v/ ($5*+ 03 N IT the ſame as the rule. 


This method of ſolving cubic equations is uſually aſcribed to 
Cardan ; but the invention is not his.—The authors of it were Scipt» 
Ferreus, and Nicholas Tartalea, who diſcovered it about the fame 
time, independently of each other, as is proved by M. de Montacla, 
in his Hiſtoire dis Muttematigues. 


* This is called the irreducible caſe; and, notwithſtanding ſevo- 
ral of the moſt eminent mathematicians in Europe have attempte 
the ſolution of it, no general rule has yet been diſcovered. | 


The uſual method is by a table of fines, or by throwing the ex- 
preſſion into an infinite ſeries, and finding the ſum of 4 certain 
number of terms, according to the degree of exactneſs required, 


x 
! 


— 2 "EEE SL - 
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2. For a put 6, and for b 20, and we ſhall baue 


ra 
V N 
2 


Viot viiooH8)= 
2 


716 T 10.3523 


= VDN G5) 


Vio+y (100+8)—; 


4 10+ 10. 3923=— V20.39243— 


—_— 2— 


2 

: = 247 32=="7 325=2 3 that i 
4/20.3923 P 
X=2, and conſequently „I root required. 


2. Given & — 629, to find the value of x, 
Here a=—b, and b=—9; and orgies we Hall hav 


Ea 


3 142 3 
* e 4 + 274 rr % *+ 257 == 


—2 


+ 5. ·8) 


2 99) 9 —4 I 
— 
3 1 ꝗꝶ?éEe7r.1........ js 

* 41732 24773 * —1 


—2 


122 —z3; that is xx root required. 


EXAMPLES FOR PRACTICE, 


1. Given x%—5x*+ 10x=8, to find x, Anſ. x= 

2. Given y* + 30y=117, to determine v. ÞAr/. y=3 
3. Given y*—36y=91, to determine y. Arſe. y=1 
4. Given y'—2y=18, to determine y, Anſ. y=3 
5, Given y* + 24y=250, required y, Anſ. y=5-95 
6. Given y*—33*—2y*—8==0, to find ). Av}. y=2 


Te 
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PROBLEM VI. 


To find the roots of biguadratic equations, according to the 
method of Des CarTEs. 


RULE *. 


1. Take away the ſecond term of the equation hy 
problem 2, and it will be reduced to the form a*+gx* 
+ 7:x Hos. 

2. From the cubic equation y*-þ 293* + (q*—4:) y— 
*g, take the ſecond term, and find the value of y by 
the laſt problem. 


3. Let e be aſſumed =4/y, EAT _ and 
r 
— Cod £m 
tMH + +—. 
4. Find the roots of the two quadratic equations 


x*+:x+f=0, and x*—ex+2=0, and they will be the 
four roots of the biquadratic required. 


» — — 


Inveſtigation of the rule. Let the given equation x++ gx*+rx 
So, be equal to the product of the two quadratic equations xz + 


r f =o, and xv - ex +g =0=x4+( fg —e*)x* + (eg—ef )x+/2 


= 
Then, by equating the homologous terms, we ſhall have f+g — 
e Sg, eg—ef—r, and fg=5; and therefore Fg 27 + Ze 255 


183744 , and s=f Xx g=19* ger 44 * 


And from this laſt equation we ſhall have age (q*—45) x 
5. may de found, 


r to a cubic equation, in which the value o 
in the laſt problem, 


2 
——— — 


— — 2 » 


* *— — 2 
—— — — — wu 2 — Av 


— 
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EXAMPLES, 


1. Let z*—4z3*—922z + 32=0, be the equation pro- 
poſed, in which it is required to find the value of =. 


1. Ts take anvay the ſecend term, let x Ii x; then 
2*=x*+ AK + 6a*+ 4x+ 1 
— = — A — 12K —1IZ2X— 4 
—8z = — 8K— 8 


+32 = -- +32 


IEP Re Cx+28 = o, er 
y'—12y*—483z—256= O, fer the cubic equa- 


1 jon. 


2. To take away the ſecond term from this equation, let 
f+4=y; then 
Y'=þ*+12p* + 48þ + 64 
—Iy*= —12p*—26p—192 


—41y = —48/—192 
—250= —256 
þ*—g6p=376 


—— 
— — 
* 


But / ( 394 Jeb — . and g (SE J H care alſo known; 


and therefore the roots of the quadratic equations x* + ex + Fo, and 
x*—ex+g=0, may be determined, and are the four roots of the 
diquadratie equation required. Q. E. I. 


Nets. The co-efficient of x is put equal to e, in both the equa- 
tions, becauſe, when the ſecond term is wanting, te ſum of the 
pofitive roots is always equal to the ſum of the negative ones, with a 
contre ry ſign. 


This rule has ſometimes been aſcribed to Dex Cartes, and ſome- 


times to Bombelli, an Itahan; but the original inventor of it was 
Leuis Ferrari. 
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3. T' find the value of p, by CAR DAN 's rule for cubic 


eq tations. 


N 1b 4+ Y(E5* + #7 a3) — 4a WOES 
iy OST 1 I/IÞ + v16* + 44%) © 
VIBE 2s 8 


7288 + 88 323 3 
I2Z=þp; 3 and therefore y=10, or „=- =. - 


+ =; and e==+ 2 3. Whence eE=4, 


2257 and g=3. 


In the method of Des Cartes, above explained, all biquadratic equa- 
ti +13 ar2 ſuppoſe to be generated from the multiplication of two 
quadratic ones: but, according t» the folowing way, which is taken 
from Simpſon's Algebra, every ſuch equation is conceived to ariſe by 
taking the difference of two complete ſquares, 

Here, the general equation x+ + ax? + bx*-\-cx d =o being pro- 
poſed, we are to aſſume (x* + Jax+ a)>— (px H c)*=x+ +axi+cx 
+d; in which a, B, and c, repreſent anknown quantities to be 
determined, 

Then, x*--Jax+ Aa, and nx4{-c being actually involved, wilt 
give * * Laxi+2ax8 

TIA XT AX TA? > =xt+ax3+6x* 
— BK —2 CAC f 
+ * 1d: from whence, by equating the homologous terme, we ſhall 
iaVc 
1. 24 41421 EE, or 2a +4a*—b=n; 
2. MA —2RKRC =c, or aA —C Spc 
3. AZ— C2 d, or A4 =p, 


Let now the firſt and laſt of theſe equations be multiplied together, 
and the product wiel, evidently, be equal to of the ſquare of the 
ſecon: I; that. is'2 a3 + {Za>—b) At—2da—(}at —b) xd(—=n*c?} 

4 ( Ate=mzaca +02), 


M 


12 


ts 


RESOLUTION OF EQUATIONS. 


4. To find the roots of the two quadratic eguatio. 
* + ex +f=0, and x*—ex + 229. 
x* +ex+f =x*+4x +792 
* -e g A — 4 ＋ 32=0 
In the fiiſt of theſe x=—2 + /—3, or —2— 9e -. 
Hud in the ſecond x=3, and 1. 


Therefore 3, 1, — 2: 3, er —2— 3, are the 


four ronts of the equation xa*—yx*—16x+21=0. 


And if unity be added to each of them, we ſhall have 
4, 2, —I+ /—3, and -—i—4/—3 for the roots of 
w*—q2)—82+ 32 g, the equation propojed 3 the two laſt 
of which are im olſible. 


2. Given a*+2x*—7x*—8x+12=0, to find the 
values of x. An. x=1, 2, —3 and —2, 


— — * as — 


Whence, by denoting the given quantities Zac -d, and Ic* + 2X 
(Ta- ) by k and 7. reſpectively, there will ariſe this cubic equation, 
A- -Z e; by means of which the value of a may be 
determined; and therefore, from the preceding equations, both n 
and c will alſo be known; 8 being found from thence = / (24+ 


AA 


422 —56), and c 9 


The ſevetat values of a, B, and e, being thus found, that of 
will alſo be readily obtained: for {x* + Jax + a)*—(px4+c)* being 


univerſally, in all circumſtances of x, equal to x++ax3 + bx* +cx + &, 


it is evident, that, when the value of x is taken ſuch that the lat» 
ter of theſe expreſſions becomes equal to nothing, the former muſt 
likewiſe be equal to nothing; and conſequently (x*+3ax+A)*<= 
(nx+c)*, 


And therefore, by extraQing the ſquare root of both ſides of the 
equation, we ſhall have x* +Jax +a ==Bx=c; or & 23 n—1 


(Iz) c- I- (ZE Lan Ane 


= 
* 


— A) 2, which exhibits all the different roots ef the given equation 
according to the variativn of the ſigns. | 


of 


Jus 
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3. Given x*—25x*+box—36=:, to find the values 
of x, | Anſ. 1, 2, 3, and -. 


4. Given y*—8;* + 14y*+43—8=0, to hind the va- 
lues of y. 


Anſ. y = ZT V5. z— , V3, ond 1-4/3» 


5. Given x*+12x—17=0, to find the value of . 
Anſ. x NTT NV v2), aud 4%, —1 25: 
(3 v½½—-). 


6. Given a —-44 —34 —4T Hr, to find the va 


r — 
lues of x. aul. a bh ESE 


7. Given x*—1043 + 35x*—50x+ 24=0, to find the 
values of x. An. 1, 2, 3, and 4. 


—_— — — 


This method will be found to have many advantages over that 
given above. In the fir? place, there is no nsce.iity for being at 
the trouble of exterminating the ſecond term of the equation, in or- 
der to prepare it for a folution : tecondly, the equation A—3ʃA 2 ＋ 
ka—Z3/ o, here brought out, is of a more ſimple form than that 
derived from the former method: and thirdly, tne value of A in 
this equation will always be commenſurate and retioral 5 not only 
when all the roots of the given equation are commenſurute, but alſo 
when they are irrational, and even impeſſible. 


ExAMPLE. Let there be given x4+12x—17=c, to find the va- 
lue of Xs 


Here, by comparing this with the general equation x++ax3 + bx 
Tex do, we ſhall have a=o, J o, c=12, nd d =17; and 
therefore k ae = A == 7, I= Acad (la? —b)= 36, and ai— 
LDA +ka—H=A3I+17A—18=0, 


And, from this equation, a will be found equal to 13 and there- 


fore a (24 TL 43) , e 2 DE n=omny/3, and 


1 
5 7 
x=ELV2+t:(F3v2=1;==1iv2t(+t3y/ 2—4)-. 


M 2 
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8. Given a*%—6ax%—5;$x*?—114x—11=0, to find the 
vaiucs of x. 


Az}, * 93 * *, v3) 


G. Given 43a %43—32=0, to find the values of x, 
VZ — „ z 


An. x= and 2 
2 


PROBLEM VII. 
T. find the reots of equations in g'neral, by the methed of 


approximation and converging /erits. 


KU LE *. 


1. Find, by trial, a number nearly equal to the root 
required» 


— ah. —_— 
* 9 


In ſome particular caſes of this rule, the roots may be found by 
means of quadratics only. ä | 

Several other methods of ſolving biquadratic equations have been 
invented by different authors; one of the moſt ingenious of which 


is that given by M. Euler, in page 664 of his Elemens d Algebre. 


Equations of five or more dimenſions may ſometimes be reduced 
to thoſe of an inferior degree; but the proceſs will be exceedingly 
tedicus, as no general rule can be given for reſolving them. 


* The rules hitherto given for finding the roots of equations, are 
either very troubleſome and laborious, or elſe confined to particular 
caſes ; but this method, by converging ſeries, is univerſal, extending 
to all kinds of equations whatever; and, though not accurately true, 
gives the value ſought to any aſſigned degree of exactneſs. 


The method of obtaining the roots of equations, by approxima- 
tion, was the firſt made uſe of by Licta. 
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2. Call the number, thus found, , and let & be put 
equal to the difference between 7 and the true root x, 

3. Inſtead of x, in the given equation, ſubſtitute its 
equal x, and there will ariſe a new equation, affected 
only with z and known quantities, 

4. Reject all thoſe quantities in which there are two or 
more dimenſions of 2, and the value of x will be found 
by means of a ſimple equation. 

5. Add the value of x, thus found, to the value of , 
and it will give the root required nearly, 

6. If this root is not ſufficiently near the truth, repeat 
the operation, by ſubſtituting it inſtead of 7, in the equa- 
tion exhibiting the value of x, and it will give a /econd 
correction for the root required. | 


EXAMPLES. 


1. Given x*—;x—31=0, to find the value of x by 
approximation. 


The root, fund by trial, is nearly equal to 8; 
Let, therefore, 8=r, and r+%=x; then 
K* = +272 +2* 
f == —5r— 53 
—31——31 


1 + 27 2=—57—2—31=0; 
- 1 * 1 2 — 
or 2$=2 of ones == 3 * — 6, and x= 
27—5 16—5 l 
8. nearly. 


And, again, if 8.0 be ſub/lituted in the place of r in the 
laſt equation, «ve ſhall have 


2 — . . 32 


aud x2=8.6-+.c032=8.6032 nearly, 
| M 3 
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And, if this value be again ſubſlituted for r, it will gi ve 
222.00C0077808, and x=8.,603277808; and ſo on to 
any drgree of exadne/s. 


2. Given x? +x*+x=90, to find the value of x by 
approximation, 


Te root, found by trial, is neurly equal to 4 ; 
Let, therefore, 4=r, ani r+2=x, thn, 

x r + 27*2+ 372* +23 

x*=7* + 272+27 

& r +2 


73+ 3r*z+7r* +27z-+r +2=90; 

92e — 90 FP 

31 T 21 T1 4878 T1 57 
and x==4.1 nearly. 

And again, if 4.1 be ſulſtituted in the place of r, in ihe 

laſt equation, we fhall have 
go—ri—r'—r 90—68.921—16.81—4.1 

37*+2r +1 50.43 +8.2 +1 
and =4-1+.00283==4.10283 nearly; and ſo on to any 
degree of exadtneſs required. 


3. Given x*4-20x=100, to find the value of x by 
approximation. Anſ. x4. 1421356. 
4. Given x*+10x*þ;x==2600, to find the value of 
x by approximation, Anſ. 11,0067}. 
5. Given a3%þ+2a%—23x—70=0, to find the value 
of x. Anſ. x=5.1349- 
6. Given x*—15x*þ+63x—;0=0, to find the value 
1 Anſ. - . 028039. 
7. Given 4%—3 .*—7;x=1009c0, to find the valce 
of x. Anſ. 110.2015. 


8, Given x5*J-2x*þ+ 34% +4a* +;2=54321, to find 
the value of . Anſ. x8. 414 


&o&, X 


. oozsz. 


3 


d 


. 81 
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RULE II, 


1. Aſſume the general equation az+8&'z*-þ cz3 + dzt, 
&c. pp; where z is the converging quantity, and 4, 6, 
c, d, &c. co-efficients whoſe values are kugwn, 


„ EEE 
2. Then will +5 be an approximation of the firſt 


degree, 


3. And, if « be put ==— , we ſhall have 


(a+) R 


a*+(b+@a) xp 
degree, 


for an approximation of the ſecond 


4. And, in like manner, if w be put ==+ 


ad. 8 a x (a+wPp) 
. th _ 
ec, en WL ORG an) x7) + (wn) xp 


de an approximation of the third degree, &c. 


EXAMPLES, 


1. Given x*+ 20x=100, to find the value of x. 
The root, found by trial, is nearly equal to 4 ; 


Let therifore 4+2=x, and, by ſubſtitution, the equa» 


tien will become 282+ 2*=4. 


Il hence, from the rule, a=28, B, ego, Cc. and 
d= 4. 
FE 
5 yg" 7 wt Ra for the 


A approximation, 


Therefore 2 = 


4 
K * — 
— — 
h _ 
— — — — — * 
— * a 4 
. = N 1 
= - > 
hk 
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And, ſirce =——= = wwe ſhall have 2= 
(a+) x3 _ - (284+4)x4 23.2 


a*+(b4+a:)xp© 28X28+(1+1)*X4 28* K 8＋42 
_ 197 NN 3564 for the ſecond approximation, 


1 

And, in like manner, ſince wn PT. — I 
tid) 

a * (a*+ (6b + aup X þ)+(wu—) xp © 

_28X4X(28+3) __ 28X(28+3)  28X198 

20X(784+12)+}  7X796+7 49X796+1 


1 — 
—— 1421356236; or &. 1421356235 for the 


root required, extremely near, 


b*—ac 47 1 


a be $= 


2. Given x* + 4x—10=100, to find the value of x. 
Au. 8.677078. 


3. Given x*—17x*+54x=350, to find the value 
wy An. 14.95 407. 

4. Given x3*—2x—5=0, to find the value of x. 
Anf. 2.c94551. 


5. Given 2)%—1693+409%—309=—1 „ to find the 


value of y. Anſ. y=1:284724. 
6. Given eee cen nr ho why to find 
the value of x. Anſ. x 8.414455. 


* 


In the ſame manner the roots of other equations may be approxi- 
mated; but, to avoid trouble in p. eparing the equation for » ſolution, 
all ſuch powers of the converging quantity z, as would riſe hightr 
than the degree, or order of the approximation you intend to work 
by, may be every where neglected, 


ef | 


tl 
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PROBLEM VIII. 


T. extra the root of any pure power in rumbern 


RULE®, 


1. Let m= the number whoſe root is required; r= 


neareſt root which can be found by trial; and = to 
the index. 


2. Then, by putting v= 


urn 
: we ſhall have 


2 
* (6 T n+1) 
=r+— = ly ; = 
a 2 root, nearly; Of x=7+ 
7X(2v+n) 


ROY emely near 
VIC (Sb ATE X (7—1, X127=—1) T_T 


EXAMPLES, 


1. Given x*=2; or, which is the ſame thing, let 


the ſquare root of 2 be found, 


Suppoſe the root found by trial, to be 1.4 ; then we ſhall 


2 X1.90 
have m=2, r=1.4, N=2, and 2 =9g8 


— — —_— FEY 
— — — 


1 — — 


11. 


* One of the moſt convenient rules for practice, which has yet 
been diicovered, is the following: (na+1)r3 +(n—1)m : (n+1)m+ 
(n—1) 73 :: 7 ; the true root nearly, 


Where it may be obſerved that m— given number; r= neareſt 
root, found by trial; and a= index, as before. 


„ 
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(CT +1) _ 
vx (bu + . 47 
Jo4RI39T . 1 ; 
98 X 594 4 70 7 7 13860 1 © 
= 700t required nearl;, 

And if the ficond af proximation be uſid, the root wuill be 
fund I. 41421356236, which is true to the loft place of 


decimals, 


And, therefore, æ + 


2. Given x*=500; or let it be required to extract 
the cube root of 500, 


Sufpo/e the root, found by trial, to be 8; then we Hall 


bave m oo, r=8, n=3, and v=2= — —128 ; 
rX('byv+ n+1) 
a, — — 2 —. — 
And, therefore, x Ph 3 8 —,003 
v.03 ur ths f approximation. 
* (2g 


Or x=r+ 


. eee © 
972 - | 2 
x7 937005359930 fer the ſecond approxima 


tion which is true to the laſt place of decimals, 


3. Let it be required to find the cube root of 2. 
Anſ. 1.259921, 


4. Required the cube root of 1177 Af. 4.89097. 


5. What is the ſurſolid, or 5th root, of 125000 
A. 10. 456339. 
6. It is required to find the 7th root of 100000. 
hi. 5. 1794746792. 
7. It is required to find the 36 5th root of 1.05. 
Anſ. 1. ooo 13300. 
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PROBLEM IX. 
Lo find the rot of an exponential equation, 


RULE®, 


1. Find, by trial, two numbers, as near the true root 
as poſſible, and ſubſtitute thein in the given equation 
inſtead of the unknown quantity, marking the errors 
which ariſe from each of them. 


2. Maltiply the difference of the two numbers, found 
by trial, by the leaſt error, and divide the product by 
the difference of the errors, when they are alike, and by 
their ſum when they are unlike. | 


3. Add the quotient, laſt found, to the number be- 
longing to the leaſt error, when that number is too little, 
and ſubtract it when too great, and the reſult will give 
the true root zear/. 


4. Take this root and the neareſt of the former, 
and, by proceeding in like manner, a root will be had 
ſtill nearer than before; and ſo on to any degree of ex- 
actneſs required, 


EXAMPLES. 


1. Given «* loo, to find the value of x by approxi- 
mation. 


By the nature of Iogarithms x & log. x==log. 100:=2. 

And, fince x is found by tr.al to be greater than 3 and 
«fs than 4. 

Let, therefore, 3.5 and 3.6 be the two ſuppoſed values 


of x. 


- 


oy 


* The rule for ſolving exponential equations was invented by M. 
can Bernoulli, and publithed in the Leigfhc Act, 1697, 
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Then the log. x=log. 2. J . 5440680; and x * 
log. x=1.9042380 
2 


— ,0957620= 1/2 crroy, too little. 
And the log. x log. 3. 6.5 56 3025; and 
x X log. x=2.0026890 
2 


.0026890= 2d error, too great. 
1½ number 3. 5 1/2 error —. og 5762 


2d number 3. 6 2d error + .oo2689 ve 
if o. 1 diff. 09845 1 = ſum, an 
[4 o. I X.00268g : 
698451 ==.0027 z correction, m 
1 24 number 3 60000 
7 correction — ,0027 3 
| CES bred 
| $597 27 =x= r00t nearly, at 
| Again, ſujpoſe 3 597; then we ſhall have co 
| | log. x= .5559404, ard | 
| x X log. x=1.59997 176, which ſubtrafrd fr:im 2 
4 gives 0002824, the third error, too little, 
| 2d number 3.500 2d error +.co26890 
3 34 number 3.07 zd error. ooo2824 | th 
1 | | 
if .003= df. .00297 14= fun, 
| 003 X.9C 28 
| | 2 3 1 . 000285 the correction. | i 
| 
| 34 number 3.597000 
| correction . oco2 85 — 
| 3-59728 5 S rost required nearly. K 
"4 2, Given 1*_— 123450789 to determine the value of 
1 *. Arſe. x=8.640026d- F. 
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0 
INDETERMINATE*os UNLIMITED 
PROBLEMS. 


A problem is ſaid to be rnleterminate or unlimited, 
when the equations, expreſſing the conditions of a queſ- 
tion, are leſs in number than the unknown quantities to 
be determined. 

And though ſuch kind of problems are capable of 
innumerable anſwers, yet the reſults, in whole numbers, 


are generally limited to ſome determinate number, and 
may be obtained as follows. 


PROBLEM I. 


To find the values of x and y, in the equation ax ye; 


at here a, b, and c, are given numbers, which admit of 8 
common diwviſor. 


RULE *. 


1. Let wh. me for a whole number, and reduce 


c 
the equation to x== 2 ub. 


a 


2. Make 2 2 . 7 » by throwing all whole num- 
bers out of it, till 4 df be each leſs than a. 


— — 


This rule is founded on the following obvious principles: 


That the ſum, difference, or product, of any two whole numbers, 
ie a whole number. 


And that if a number meaſures the whole of any number, and a 
pert ct It, it will alſo meaſure the remaining part, 


N 
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3. Subtrat * » or ſome multiple of it, from 


_- _ =, „ or any other multiple of y, that comes 
near the former, and the remainder will be a whole 
number, 

Take this remainder, or any multiple of u, from 
ſome of the foregoing fractions, or from any whole 
number, which is nearly equal to it, and the remainder, 
in this caſe, will alſo be a whele number. 

5. Proceed in the ſame manner with this laſt remain- 
der; and ſo on till the co- efficient of » becomes equal 


5 uh. p. 
6. Then will y=afp—zg ; where p may be any whole 


number whatever; and as the value of y is now known, 
that of x may alſo be found from the given equation. 
EXAMPLES. 


1. Given 19x=14yz—11, to find x and y in whole 
numbers. 


Firſt, A ah.; 8 
19 19 


Then, by ſabtraction, * WAS ub. 
19 12 19 


0746 
Sy FII want i4t-:t y + 


19 19 
a 
1 


+ 2 h. 


Again, 


and, by rejefing the 2, 


Therefore . '— > 4 12 2 ab. p. 


19 9 19 
Ard y=15p—6; where, Fp be taken =1, for the leaft 
affirmative value of y, we foall bave y=13, and #=9, 
the anſaber. 
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2. Given 3x=2z—16, to find the values of x and y 
in whole numbers. 


8—1 2 . 
934 * 3 , 


Here, XS 
wh. 


And, 1 = — Pt By is alſo h. 


Therefore 22 — . ub. =ps 


3 3 3 
WWhence y=3þ 42; and by taking p==0, wwe ſhall have y=2 


and x0, the anſwer. 


3. Given 9x+133=20co, to find all tne poſſible 
values of x and y in whole numbers. 


Firft, * 5 Di - e =wh, 


Or, by rejecting 222—, * SDaouß. numb, 


3 5 
And, © — X 2=——=i wh, But, g is alſo=wh. 


Therefore, 2. = _— =274 9 +— Sub. = 
hence y . 3 and, by taking p=1, we ſhall 3 


y=5, and X=215; 
And, by adding 9 contianally to the laſt value of y, and 
ſubtracting 13 from that of x, all the palſible anjwers will 
fland as fellows 2 
={ 215: +189-163-137-111:$5+59-33 
* 1202.17. 150.124 C8:72-49-24 7 
3 23:41:59:77* 95˙113•˙131 
y={ 1432-50-08-86-104-122-190" 49 


4. Given 24x=13y+16, to find » and y in whole 


numbers, Anſ. x= F. and =. 
N 2 
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8. Given 14x=5y+7, to find x and y in while 


numbers, Auf. $= 4; and y=7, 
6. Given 27.x=1600—16y, to find x and y in whole 
numbers, Anſ. y=19, and x=48, 


7. Given 87x+256y=15419, to find the leaſt value 
of x, and the greateit ot y, in whole poſitive numbers, 
Anſ x=30, and y=128co, 


8. Given gx+7y+11z=224, to find all the poſſible 
values of x, , and x, in whole numbers, 
An. The number of anſ-rers is 60, 


9. To determine whether it be poſſible to pay 1909), 
in guineas and moidores only. 

Anſ. The queſtion is imt eſſible. 

10. How meny different ways is it poſlible to pay 

100l. in guineas and piſtoles only; a guinea being equal 

to 21s. and a piſtole to 175, Anſ. 6 different way!, 


11. Forty-one perſons, men, women, and children, 
ſpent among them 40s. of which each man paid 4+, 
each woman 3s, and cach child 4d. how many were 


there of each? Anſ. 5 men, 3 women, and 33 children. 


12. | owe my friend a ſhilling, and have notbirg 
about me but guineas, and he has nothing but louis 
d'ors , the queſtion is, how muſt I acquit myſelf of the 
debt? the louis d'ors being valued at 1975s, An. I m1? 

pay him 13 guincas, and he miſi give me 16 louis deri. 


13. To find in what year of Chriſt the cycle of the 
ſun was 8, the cycle of the moon o, ard the cycle of 
indictiou 10. Auſ. In the year 1507. 

14. It is required to diſcharge a debt of 351]. with 
gvineas and moidores only, ſo that there may be the 
leait number of pieces of each ſort; and to find what 
the whole will amount to, when paid every way it will 
poſſibly admit of. Anſ. The number of ways i 30, 

and the whole amount 120301, 


K &r 
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15. A vintner has wine at 28. 18. 10d. and 15. 6d. 
per gallon: how much of each ſort mult he take, ſo as 
to make a mixture of zo gallons, to be ſold at 18. 8d. per 
gallon ? Anſ. 16, 2,12; 17, 4, 93 18, 6,6; or 

| 19, 8, 3, of each ſort. 

15. To determine how many ways it is poſlible to-pay 
toool. in crowns, guineas, and moidores only 

Anf. 707 34 different wayse 


PROBLEM II. 
To find fuch a whole number x, as being divided by the 


gen numbers a, b. c, &c. fhall leave the given remainders 
＋ 2 . Ee. 
RULE, 


1. Subtract each of the remainders from x, and 
divide the difference by 3, and there will reſult 


3 2 —_—_ Sc. = whole numbers. 
a a a 


2. Call the value of x, in the firſt fraction, 2, and 
ſubſtitute this quantity ir. rhe place of x, in the ſecond 
fraction, 


3. Find the leaſt value of p, in the ſecond fraction, 
by the laſt problem, and call it 7. 


4. Let the value of * be found in terms of r, and 
ſubſtitute this quantity in the place of & in the third 
fraction. 


5. Find the leaſt value of 7 in the third fraction, 
and call it ; and the value of in terms of 3, being 
ſubſtituted for x in the fourth fraction, and ſo on, wull 


give the whole number required, 
N 3 
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EXAMPLES, 


1. To find the leaſt whole number, which being 
divided by 17, ſhall leave a remainder of 7; but, being 
divided by 26, the remainder ſhall be 13, 


Let x number required, 


Then =— , and . whelt nambers. 
I 458 26 


And, by putting = —=þ, we ſhall have x=1"p+7 ; 


Which value f x * ſablſtituted in the 2d fraction, 
| . 17p—6 _ 26p . 2 
8 abb. But —_— i alſo =wh, 


26Þ 17p—6 op+6 


And, therefore, - Vas” abfoads ag =awb. 
6p+6-... 27p +38 p+18 | 
Or — 75 * 3225 71 Bo =wh, number. 


p+18 
26 


=wh. r. 


And, by rejecting p, wwe have 


Hence p=267—18, and by taking r=1, we ſhall have 


28. 
Ad, conſequently x =/ X2+7=143, the number re- 


quired, 


2. To find a number which being divided by 11, 19, 
and 29, the remainders ſhall be 3, 5, 10. 
Let x number ri guired. 


XK—\ za IO 
, and = whole numbers, 


19 2 
b. we ſhall have 2=11þ + 33 


Then — 
11 


Ard, by putting 
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Which value of x, being [ulftituted in the 2d fraction, 
gives ub. or = 
19 19 


19 


2— 
19 
5 — 87— 8 4 

. 2 3 N cond 
1 I 19 19 

— 

19 


Sub. And, by rijecting p, “e Hall have 


—=wwh, number, 


ob. or by rejeaing the 1, ; 
But, oo 75, likewiſe, ub. and, therefore, = * 
187— 745 


e num ber, au bich let be pat Rr. 
19 

Then, p=lgr—;, and x= (ir—5) X11+3=2929 
52. 

And, by ſubſtituting this value of x in the zd fraction, 


Rong 


| by — 

we ſhall have * 7 —2 + - - 2 —=och., which, 
7 

67 —4 


=2wh, number, 


&y neglefling 17 —2, gives 


Cr— — hon 
But, 4 fx; = — —==wb. or 
29 29 mg 


—20 


by rejedting r. =wh, which let be put =s. 


Then 1—=295 +20; and by putting o), we hull have 
4220. 
And, conſequently, x 209 X 20—52=4128 ; 
Therefore, 4123 = number required, 


3. To god the leaſt whole number, which, 1585 di- 
vided by 19, ſhall leave a remainder of 7; bar, being 
divided by 28, the remainder ſhall be 13. Af. 349. 
3 
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4. To find a number which, being divided by 3, 5, 
7, and 2, will leave the remainders 2, 4, 6, and o, re- 
ſpectively. Anſ. 104. 

5. To find the leaſt whole number, which, being di- 


vided by 16, 17, 18, 19, and 20, ſhall leave 6, 7, 8, 9, 


and 10 remainders. Anſ. 232550. 

6. To find the leaſt whole number, which, being 
divided by the nine digits reſpectively, ſhall leave no 
remainders. Anſ. 25 20. 

7. To find the leaſt whole number, which, being 
divided by 2, 3, 5, 7, and 11, ſhall leave 1, 2, 3, 4, 
and 5, for remainders. Anſ. 1523. 


DIOPHANTINE PROBLEMS. 


* Diophantine problems are thoſe which relate to the 
finding of ſquare and cube numbers, &c. and are ſuch 
as are generally capable of a great variety of anſwers. 
They are ſo called from their inventor Diophantus of 
Alexandria in Egypt, who flouriſhed in or about the third 
century, and is the firſt writer on Algebra we meet with 
amongſt the ancients, 

Theſe queſtions are ſo exceedingly curious and ab- 
ſtruſe, that nothing leſs than the molt refined Algebra, 


* — 


* That Dicphantus was not the inventor of algebra, as has been 
generally imagined, is obvious; for this method of applying it is 
ſuch, as could only have been uſed in a very advanced ſtat: of the 
ſcience, 

He no where ſpeaks of the fundamental rules and principles, as 
an inventor certainly would have done, but treats of it as an art 
already ſufficiently known; and ſeems to int.nd, not ſo much to 
teach it, as to cultivate and improve it, by ſolving ſuch queſtions 
as, before his time, had been thought too diflicult to be ſurmounted, 


— 2 — 
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applied with the utmoſt ſkill and judgment, can ſure 
mount the diffigulties which attend them. And, in this 
way, no man has ever extended the limits of the analytic 
art furiher than Dziophantus, or diſcoveted greater pene- 
tration and judgment in the application of it. 


When we confider his work with attention, we are at 
a loſs which to admire moſt, his wonderful ſagacity and 
peculiar artifice, in forming ſuch poſitions as the nature 
of the problems required, or the more than ordinary 
ſubtilcy of his reaſoning upon them. 


Every particular queition puts us upon a new way of 
thinking, and furpiſhes a freſh vein of analytical trea- 
ſure, which cannot but be very inſtructive to the mind, 
in conducting it through almoſt all difficulties of this 
kind, wherever they occur. 


The following method of reſolving theſe queſtions 
will be found of conſiderable ſervice ; but no general 
rule can be given, that will ſuit all caſes ; and therefore 
the ſolution muſt often be left to the ſagacity and (kill 
of the learner, 


6ñ— — —_ — — 


— 


It is probable, therefore, that Algebra was known in the world 
long betore the time of Diophantus; but that the works of preceding 
writers have been deſtroyed by the ravages of time, or the de, reda- 
t:ons of ignorant barbatians. 

His Arithmetics, out of which theſe problems were moſtly col- 
lected, conſiſted originally of thirteen books; but the firſt 3x only 
are now extant, The beſt edition is ſaid to be that publiſhed at Paris, 
by Monſicur Backer, in the year 1621, In this work, the ſubject is 
ſo ſkilfully handled, that the moderns, notwithſtanding their other 
improvements, have been able to do little more than explain and il- 
luſtrate his method. 

Thoſe who have ſuccecded beſt, in this reſpect, are Vieta, Braunc- 
ker, Kerſey, De Billy, Ozanam, Preftet, Saunderſon, Fermat, and Euler. 
The laſt of whom, in particular, has amplified and illuſtratsd the 
Diophantine Algebra in as clear and ſatisfactory a manner as the ſub- 

ject ſeems to admit. 
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RULE, 


1. For the root of the ſquare or cube required, put 
one or more letters ſuch, that when they are involved, 
either the given number, or the higheſt p wer of the 
unknown quantity, may vaniſh frum the equation; 
and then, if the unknown quantity be but of one 
dimenſion, the problem will be folved by reducing the 
equation, 


2. But if the unknown cuantity be ſtill a ſquare, 
or a higher power, ſome other new letters mult be 
aſſumed to denote the root; with which proceed as 
before; and ſo on till the unknown quantity is but 
of one dimenſion; and from this all the reſt will be 
determined, | 


EXAMPLES, 


1. * To divide a given ſquare number (100) into 
two ſuch parts, that each of them may be a ſquare 
number, 


Let Xx ( ) be one of the paris, and then 100—x* will 
be the other part, which is alſo to be a ſquare number, 


— 


* If x—10 had been made the fide of the ſ:cond ſquare, in 
this queſtion, inſtead of 2x— 10, the equation would have been 
x%*—20x +100 = iO =; in which caſe, x, the fide of the fi: ſt 
ſquare, would have been found - fo, and x - 10, or the fide of the 
ſecond ſquare So; and for this reaſon the ſubſtitution, x — 10, was 
avoided ; but 3x — 10, 4x-—10, or any other quantity of the ſame 
Lind, would have ſucceeded equally as well as the former; though, 
in ſome caſes, the reſults would have been leſs fimple, 


DIOPHANTINE PROBLEMS. 143 


Aſſume the fide of this ſecond ſquare =2x—10, 
Then will 160—x*=(2x—10)*=4x*—40x +1C0 ; 


And, by reduction, æ 8, and 2x—10==6, 
Therefore 64 and 30 are the parts required. 


— o PD — 
8 ä—MzMDNNN—U—k .: K— 22 


THE SAME CENERALLY, = 


Let a given ſquare number, x( ) = one of it; 
parts, and a*—a*= the other, which is alſo to be a ſquars 
number, 


ume the fide of this ſecond ſquare =rx—a, 
then will a*—x*=(rx—a)*=r*x*—2arx+@* ; 


2ar | zar 
And, by reduction, x= , and r- — 
1 ＋ 1 7*-+1 


2ar* ar: 42 ark —a 


n e ml 

2ar J. ar'—a\, 3 , N 

Therefore ( 7＋ -) and ( rp ) are the parts required; 4 
where a and r may be any numbers, taken at pleaſure. 


= 70 a ſquare number. 


2, * To divide a given number (13) conſiſting of two 10 
known ſquare numbers (9 and 4) into two other ſquare | 
numbers. 


_—_— 


— — — 


If « and r be any two unequal numbers, of which : is the greater; 
then will 2rs, $2—»* and $*+7r* be the perpendicular, baſe, and 
hypothenuſe of a right-angled triangle. il 

And from this canon two ſquare numbers may be found, whoſe Fi | 
ſum or difference ſhall be ſquare numbers; for (2r5)*+ ($*—r3)? = 
(Aan, and (r>+82)z—(275)>=($2—72)%, or ($2 ＋ 2) 2— 

( r) = (zr) 2; and this when $ and r are any numbers what- 
ever. || 

This queſtion is conſidered by Diephantus as a very important | 

one, being made the foundation of moſt of his other problems,—Io 
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For the fide of the firſt ſquare fog put ra—3; 4 


for the fide 4 the ſecond, a —-2; r being the greater num-. 
E 


ber, and . 


1. 


Then will (rx 3) * + (sx—2:)*= (rx%*—brx +9) + 
(sf - A) = (r* +5) ax%— (67—45) x+13=13, of 
( +5*)a*=(0r +45)x. 

. 0 Or + 4: 

And from this equation, by reduction, x is found =p 

. 
67441 2 + 4rimns* 


Is gente 132 7 7 1 = fe 
of the firſl ſquare ſought. | 
6 . 2 2 

duh SIE III ho 
the ſecond. FFI 1 : 

So that if r be taken =2, and 1, awe ſhall have 
3 + 4r-—3.* 17 Or —27r* + 28 6 p 

T6 = ana I DT for the ſide, 


of the ſquares, in numbers, as was required. 


If a* + b* be put equal to the number to be divided, the 
general ſolution may be given in exadtly the ſame manner. 


pn NY 
ht —_—_— 


—_— 


the ſolution of it, given above, the values of r and s may be token 
equal to any numbers whatever, provided the proportion of thoſe 
numbers be not the ſame as that of 3 (a) to 2 (b), or 3 2(4 +6) 
to 3—2 (a — 4). And the reaſon of this reſtriction is, that it r and 
s were ſo taken, the fides of the ſquares ſought would come out te 
ſame as the ſides of the known ſquares which compoſe the given 
number, and theretore the operation would be uſeleſs, 

The excellent old Kerſey, after ampliſying and illuſtrating t' 3 
problem in a variety of ways, concludes his chapter thus: “ For a 
further account of this rare ſpecuiation, ſee Anderſonus, Theorem 2. 
of Vieta's myſtericas doftrine of Anpular Sections; and likewiie 
Ferigenius, at the latter end of the firſt rome of his Curſes Mate- 
maticu:. 


be 
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3. To find two ſquare numbers, whoſe difference ſhall 
be equal to any given number (a). | 


Let d be reſolved into any two unequal factors a and 6; 
a being the greater and b the leſs. 


Alſo put x for the fide of the leſs ſquare ſought, and 
x + b== fade of the greater. 

Then (x+bY—x*=x* + 2bx+b* —x*=2bx TRA 
(ab). h 
And if this be divided by 6, wwe ſhall have 2x + a. 
Whence, $=== fide of the leaſt ſquare ſought. 

a—b 2435 


and æ b=——+ b=——= ide of the greater, 


So that by putting do, and axb=2 X zo, we fhall 
have — 14, and — 216, or (14) ＋ 196, and 


(16)*=256 for the ſquares in numbers; and ſo far any dif- 


ference or factors whatever, 


4. To find two numbers ſuch, that, if either of them 
be added to the ſquare of the other, the ſum ſhall be a 
ſquare number. 

Let the numbers ſought be x and y. 
Then * = U, and * == NU. 

And, if r—x be aſſumed for the fide of the firſt ſquare 
x*+y, wwe Hall have x*+y=r* —27x+x*, or y 
27X, 


9 


Whence zræ g y, or x= 


Again, if y+5 be aſſumed for the fide of the fecond ſquare, 
we ſhall have S+—2#+5)=0+YP = + 2:y +5, 


2 
hence, —==2y+5, or 2 =4gy+ 248. 


9 


- - 1,4 -. oa P 
1 — — 


- < — — — 
—— — —-— ñ e — 


2 
5 
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2 2 2 
F 2 — ; wk + : 
Ard conſequently, y * and x * 
271714 
41 ＋1 : 
ond 2,4 2 
Co that — — * are the numbers re- 


4r5+1 2 4r5+1 
guired ; where r and 5 may be taken at pleaſure, provided 
1 be greater than 242. | 


5. To find two numbers, whoſe ſum and difference 
ſhall be both ſquare numbers. 


Let x and x*—x be the two numbers ſought. 
Then, fence their ſum is evidently a ſquare number, one of 
the conditions of the gugſtion will be anſwered, 


There remains, therefore, only their difference x*—2x to 
be made a ſquare. 5 


Ana, if for the fide of the ſquare there be put x—r, we 


Hall have x*—27rx + =x*—2x or 2rx—2x=7*, 
2 2 2 


r ? x r 
Whence, x= and x — 2 — 0 
27—2 27—2 27 —2 


2 2 


12 r 727 
and ( ) — are the numbers 
27—2 27—2 271—2 


required; when r may be taken at pleaſure, provided it be 
greater than 1. 


So that 


6. To find three numbers ſuch, that not only the ſum 
of all three of them, but alſo the ſum of every two, ſhall 
be a ſquare number. 

Let Ax, x*—4x and 2x +1 be the three numbers ſought. 

Then (4x) + (x*—4x)=x*, (x*—4x) +(2x+1)=x* 
—2x-+1, and (4x+x*—4x+2x+1)=a*+2x+1, at 
evidently ſquares, 

Ard, therefore, three of the conditions mentioned in the 
queſtions are accompliſhed. 


z % 
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n hence it remains only to make the quantity (4x) + 
(2x+1), or 6x +1= to a ſquare, | 

Let, therefore, 6x+1=a*; and we Hall have x= 
42—1 | | 


6 * 
And, corſequently, 


42 —4 ne OR bn 


6 6 3 
FOX 24—2 a*—264a* +2 *+2 
. IEEE, ad, 


are the numbers required; where a may be taken at pleaſure, 
provided it be greater than 5, 


7. To find three ſquare numbers ſuch, that the ſum 
of every two of them ſhall be a ſquare number *. 
Let x*, y*, and x, be the numbers ſought ; 
Then x T U, z, =D, and * 4 N. 
K * 3 * a” x* 8 
Or 2 I=D, —=T 12 U, and 2 +==D- 


Ir 1 3 
And, by putting == 1 and T= — » ave ſhall 


* * i++ 257 +1 
have * + 6 45% 


which are both evidently ſquares; and therefore it remains 
2 | 


only to make - a+ 25 = ſquare number, 


0 and Z- + 1= 
2 


* This queſtion is capable of a great variety of anſwers; but the 
leaſt roots, which have yet been found, in whole numbers, are 44, 
117, and 240. See Elemens d Algebre, par M. Euler, tome II. 
page 27; which. is a work particularly calculated for the uſe of 


thoſe who wiſh to obtain a knowledge of Algebra without the aſſiſt- 
ance of a maſtcr, 
O 2 


— 


- 4 * 
8 — = * 
— - . , 
=_ - io: wr — — — — — 
_- — eps — Bnet = £0... _ T7 3 _ 
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2 75 2 1 
D rA UFA 
W . Dr 9 43 * 
r * MA 2 * 2 
— 2 mar} 2 od on. = ſquare N'. 
Or Px (—1Y +2 x(f—1)*=2 GTI) 
1) +*X(7+1)* X (r—1)*= 7 a ſquare number. 
nd, by making 1—1=s+1, er r7=s+2, we ſhall 
bave (5 +2Y*X (5+1)* X (5—1)*+8 X (5+ 3)* X (5+1)® 


= 10 à ſquare number. 


Or (5+2)* x (5—1) AN (5+ 3)*==25* + 853 + 65* 


—45+4= 10 a ſquare number. 


Now, let the root of this ſquare be aſſumed =if—5+ 2, 
Den, 2 +85 + 6*—q45+ 4=(45*=5-+2)*=255* — 


en > $ 3 
8212 —. 


Whence $=—=24, and g 22. 


353+ 58* + 8?—45+4 3 or 25* +8 1-2; or 25+ 


s g? 2 3y- 44 ; 
832 
48 | 44 


In order, therefore, to have the anſaver in whole numbers 
let 2=528, and wwe fhall haue x 6325, and y==5796, 
or 528, 5796 and 6325 for the roots of the ſquares rie- 


qui red . 


8. To find a number x ſuch, that x+1 and x—1 


mall be both ſquare numbers. Anſ. x ; 


9. To find a number x ſuch, that x 4128 and æ& 
192 ſhall be both ſquares. Anſ. x 97 


10. To find a number x ſuch, that a*+x and x*%—x 
may be both ſquares, Anf. 235 
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11. To find two — and y ſuch, that x+y, 

K 2 45, and y*+x may be all ſquares, 
Anſ. x and yr? 
12. To find three ſquare numbers in arithmetical 
progreſſion. Anſ. 1, 25, and 49. 
13. To find three ſquare numbers in harmonical pro- 
portion, A.. 1225, 49, and 25. 
14. To find three numbers in arithmetical progreſ- 
fon ſuch, that the ſum of every two of them may be a 
ſquare number, Anſ. 120T, 849%, and 15604, 
15. To find three numbers ſuch, that, if to the ſquare 
of every one of them the ſum of the other two be added, 
the three ſums ſhall be all ſquares. Auſ. J. , and 1. 


16. To find two numbers in proportion as 8 is to 15, 
and ſuch that the ſum of their ſquares ſhall make a 
ſquare number, Anſ. 576 and 1080, 


17. To find four numbers ſuch, that, if a ſquare 
number (100) be added to the product of every two of 
them, the ſums ſhall be all ſquares. 

Anl. 12, 32, 88, and 168. 

18. To find two numbers ſuch, that their difference 
may be equal to the difference of their ſquares, and that 
the ſum of their ſquares ſhall be a ſquare number. 

Anſ. 4 and 3. 

19. To find three numbers in 28 proportion 
ſuch, that every one of them being increaſed by a 
. given number (19) ſhall make ſquare numbers, 


Anf. 81, 4 and 128g · 
20. To find two numbers ſuch, that, if their product 
be added to the ſum of their ſquares, it ſhall make a 
ſquare number. _Adv/. 5 and 3, Sand 7, 16 and 5, c. 
21. To divide a given number (10) into four ſuch 
arts, that the ſum of every three of them may be a 
quare number, Ar, I, 6, 135 and 215 · 
| 03 | 
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22 * To find three ſquare numbers ſuch, that their 
ſum being ſeverally added to their three ſides, ſha!l 
make ſquare numbers. 

Anſ. $*335. $3354, and 42333 =re0ts required, 

22. To find two numbers ſuch, tha: their ſum being 
incre ed and lefſe ned, either by their difference, or the 
diffrence of their ſquares, the ſums and remainders 
ſhall be all iquares<. Anſ. #3 and Js. 

24. To find two numbers ſuch, that not only each 
number, but alſo their ſums and their difference, being 
increaled by unity, ſhall be all ſquare numbers. 

Au. 3024 and 5624. 

25. To find three numbers ſuch, that whether their 
ſum be added to, or ſubtracted from, the ſquare of each 
particular number, the numbers thence ariſing ſhall be 
all ſquares, Anſ. , , and "pg. 

20, To find three ſquare numbers ſuch that the ſum 
of their ſquares ſhall allo be a ſquare number. 


equal to the {um of the given cubes. 
RS, Anf. 28e, and Fer. 
30. To divide a given number (28) compoſed of two 
cube numbers (27 and 1) into two other cube numbers. 
Al 71254724 and 3234921 the roots, 
31. To find three cube nuinbers ſuch, that, if from 
every one of them a given number (1) be ſubtracted, 
the ſum of the remainders ſhall be a ſquare, 
Aus. $343, 2982 and 8. 


_— 


— 


The anſwers to many of thcſe queſtions cannot be given in 
whole numbers, 
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32. To find three numbers ſuch, that, if they be ſe- 
verally added to the cube of their ſum, the three ſums 
thence ariſing ſhall be all cubes. 


Anſ. bs, Fat, and Fon pes 

33. To find three numbers in arithmetical proportion 
ſuch, that the ſum of their cubes ſhall be a cube. 

Anſ. 3, 4, 5, er 149, 256, 363, Ec. 

34. To find three cube numbers ſuch, that their ſum 

ſhall be a cube number, 
A. 35, 4*, and 53, or 21, 19%, 187, Ce. 
35. To find two numbers ſuch, that their ſum ſhall 


be equal to the ſum of their cubes, Anſ. 5 and 3. 
OF THE 
SUMMATION axp INTERPOLATION 
OF 


INFINITE SERIES, 


The do&rine of infinite /erics is a ſubject which has en- 
gaged the attention of the greateſt mathematicians in all 
ages; and is, perhaps, one of the moſt abſtruſe and 
difficult branches of abſtract mathematics. 

To find the ſum of a ſeties, the number of whoſe 
terms 1s inexhauſtible, or infinite, has been conſidered 
by ſome as a paradox, or a thing impoſlible to be done. 
But this difficulty will be eafily removed, by conſider- 
ing that every finite magnitude whatever is diviſible in 
infinitum, or conſiſis of an infinite number of parts 
whoſe aggregate, or ſum, 1s equal to the quantity firſt 
propoſed, 

A number actually infinite is, indeed, a plain con- 
tradiction to all our ideas; for any number which we 
can poſſibly conceive, or of which we have any notion, 
muſt always be determinate and finite; ſo that a 
greater may be ſtill aſſigned, and a greater after this: 
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and ſo on, without a poſſibility of ever coming to an end 
of the increaſe or addition, 


This inexhauſtibility, in the nature of numbers, is, 
therefore, all that we can diſtinctly comprebhend by their 
infinity; for though w- can eaſily conceive that a finite 
quartity may become greater and greater without end, 
yet we are not from thence enabled to foim any notion 
of the altimatum, or laſt magnitude, which is incapable 
of further augmentation. 


We cannot, therefore, zpply to an infinite ſeries the 
common notion of a ſum, or a collection of feveral par- 
ticular numbeis, which are joined and added together, 
one after another; for this ſuppoſes that thoſe parti- 
culars are all known and determined, But as every 
ſeries generally obſerves ſome regular law, and conti- 
nually a; proaches towards a term or limit, we can eaſily 
conceive it to be a whcic, of its own kind, and that it 
muſt have a certain real value, whether that value be 
determinable or not. 


Thus, in many ſeries, a number is aſſignable, be- 
yond which no numuer of its terms can ever reach, or 
indeed be ever equal to it: but yet may approach to it 
in ſuch a manner as to want leſs than any given differ- 
ence. And this we may call the value or {um of the 
ſeries; net as being a number found by the common 
metnod of addition, but ſuch a limitation of the value 
of the ſeries, taken in all its infinite capacity, that if it 
were poſſible to add all the terms together, one after 
arother, the ſum would be equal to that number. 


Again, in other ſeries, the value has nc limitation; 
and this may be expreſſed by ſaying, that the ſum of the 
ſeries is infinitely great; or, which is the ſame thing, 
that it has no determinat- or aſſignable value; but may 
be carried on to ſuch a length, that its ſum ſhall exceed 
any given number whatever, | p 


A +1 a KK we = Wit ny s* 


5 ma. tt. FREY 2 as acc as» Vw 
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According to the common rule for ſumming up a 
hnite progreſſion of a geometric decreaſing ſeries, 
where 7 is the ratio, / the greatelt term, and à the leaſt, 
the ſum is (7/—-a)(r—1): and if we ſuppoſe a the 
leſs extreme, to be actually decreaſed to o, then the 
ſum of the whole ſeries will be I =): for it is de- 
monſtrable, that the ſum of no aſſignable number of 
terms of the ſeries can ever be equal to that quotient ; 
and yet no number leſs than it will ever be equal to the 
value of the ſeries. 


Whatever conſequences, therefore, follow from the 
ſuppoſition of = -i) being the true and adequate 
value of the ſeries, taken in all its infinite capacity, as 
if all the parts were actually determined, and added 
together, they can never be the occaſion of any aſhgn= 
able error, in any operation or demonſtration where it 
is uſed in that ſenſe; becauſe if you ſay that it exceeds 
that value, it is demonſtrable that this exceſs muſt be 
leſs than any aſſignable difference, which is, in effect, 
no difference at all; whence the ſuppoſed error cannot 
exiſt, and conſequently i) may be looked upon 
as expreſſing the adequate and juſt value of the ſeries, 
continued to infinity. | 


But we are further ſatisfied of the reaſonableneſs of 
this doQtrine, by finding, in fact, that a finite quantity 
actually converts into an infinite ſeries, as appears in 
the cats of circulating decimals, Thus, + turned into 
a decimal is =.6666, &c. n +383 +363 res 88⸗ 
&c, continued ad infinitum, But this is plainly a geo- 
metric ſeries, beginning from , in the continued ratio 
of 10 to x ;; and the ſum of all its terms, continued to 
infinity, will evidently be equal to 3, or the number 
from whence it was originally derived. 


And the ſame may be ſhewn of many other ſeries, and 
of all circulating decimals in general, 
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PROBLEM I. 
Any ſeries being given to find the ſeveral orders of differences, 


RULE. 


1. Take the firſt term from the ſecond, the ſecond 
from the third, the third from the fourth, &c. and the 
remainders will form a new ſeries, called the fr/t order 
of dr ferences, 

2. Lake the firſt term of this laſt ſeries from the ſe- 
cond, the ſecond from the third, the third from the 
fourth, &c. and the remainders u ill form another new 
ſeries, called the ſecond order of differences. 

3. Proceed, in like manner, for the third, fourth, fifth, 
&c. orders of differences; and ſo on till they terminate, 
or are carried as far as is thought neceſſary, 


EXAMPLES, 


1. To find the ſeveral orders of differences in the 
ſeries 1, 4, 9, 16, 25, 36, &c. 
| I, 4, 9, 16, 25, 36, &e. 
3, 5, 7» 9, 11, &c. 1/7 af 
2, 2, 2, 2, &C. 2d diffs 
„ % ©, UG 


2, To find the ſeveral orders of differences in the 
ſeries 1, 8, 27, 04, 125, 216, &c. 


1, 8, 27, 64, 125, 216, &c, 
7, 19, 37, 61, 91, &c. 1/1 dif. 
12, 18, 24, 30, &C. 2d diff. 
6, 6, 6, &c. 3d aff. 

| @, O, &. 


ſe 


ſe 


„% 2 
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3. To find the ſeveral orders of differences in the 
ſeries 1, 3, 6, 10, 15, 21, &c. 
Anſ. It 2, 3, 4,5, Cc. 2d 1, 1, 1, Ice 


4. To find the ſeveral orders of differences in the 
ſeries 1, 6, 20, 50, 105, 196. &c. 

Anſ. 1} 5, 12, 30, 45, 91, &c. 2d 9, 16, 25, 36, 

Sc. 3d 7, 9, It, Sc. 4th 2, 2, Oc. 


PROBLEM II. 
Any ſeries, a, b, c, d. e, Sc. being given, to find the fit 
term of the nth order of differences. 
RULE X. 


Let 5 ſland for the firſt term of the /g. differences. 
7—1 22—1 72—2 
dA + 


Then will a—1b + 1 X - c- X X 


* 
3 


2 is an even number, 


1 N 32, &c. to 241 terms =9, when 


And —a Tu- N 


d—7n X 


1 7 2—1 
c ＋¹ Xx — X 
2 2 


* — 11 2—2 1 — 
* 


3 
is an odd number. 


Ze, &c. tou+1 terms =6, when 7 


56— — 


_—_— 


* When the ſeveral orders happen to be very great, it will be 
more convenient to take the logarithms of the quantities concerned, 
whoſe differences will be ſmaller; nd, when the operation is 
kniſhed, the quantity anſwering to the laſt logarithm may b* eaſily 
tound, | 
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EXAMPLEST, 


r. Required the firſt term of the third order of dit- 
ferences of the ſeries 1, 5, 15, 35, 70, &c. 


Let a, b, e, d, e, Sc. =1, 5,15, 35, 70, &c. and ug; 
Then aA e — * 
+ 3b—3c+d=—1+15—45+35=4= the foft term 


required, 


dA—=—a 


2, Required the firſt term of the fourth order of dif- 
ferences of the ſeries, 1, 8, 27, 64, 125, &c. 


Let a, , e, d, e, Cc. = 1, 8, 27, 64, 125, Sc. and 
124. 


Then a—nb +1 x—— C—7 oats X SR 
* —. =a—4b+ -A +e=1 — 32+ 
162—2506+125=0; /o that the firſt term of the fourth 


order ig o. 


IAN 


3. Required the ſirſt term of the fifth order of dif- 
ferences of the ſeries 1, 4, 4, +, 18, &c. Anſ. 77+ 


4. Required the firſt term of the Sch order of differ- 
erces of the ſeries 1, 3, 9, 27, 81, &c. Anſ. 256. 


„ —_— 


* The labour in theſe kind of queſtions may be often abridged, 
by putting cyphers for ſome of the terms at the beginning of the 
ſeries; by which means ſeveral of the differences will be equal to o, 
and the anſwer, on that account, obtained in fewer terms, 
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PROBLEM III. 
1% find the nth. term of the ſeries, a, I, c, d. e, Sc. 


RU LE. 


Let di, du, din, div, &c. be the ſirſt of the ſeveral 
orders of differences found as in the laſt problem: 


_ OT 
1 2 


Then will be 


* 


2—2 3 17 4 3D — * „ ee 
3 


Sc. be = nth. term Nel. 


1. To find the 12th term of rhe ſeries, 2, 6, 12, 20, 
30. &C, 
25 Os , 28, $5, Ke. 
„ DD > 40605 
. So 7» OfCo 
„ O; Ke. 


Ihre 4 ed 2 ave the firſ? terms of the AP 2 . 
Let, ther: fore, 8 8 n 


Then FIPS. Al 4 — 5 


e POT + 


cod =2+44+110=1 TY 1 i tirm, or the anſaner re- 


924 10 2d. 


5 
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2. Required the 20th term of the ſeries 1, 3, 6, 10, 
15, 21, &c. 
I, 3. 6. 10, 16, 21, &c. 
„ „ „ 6, Ke. 
1, I, I, I, &c. 
O, O, O, &c. 
Here 2 ard 1 are the fi terms of the differences, 
Let, . _—_ 1 52 and 1=20, 
1—1 „ — 
3 


Ter a 4s 


: =I'=1 +15 + 


121d" 21 tins 171=210=20th term r-quired. 


3. Required the 15th term of the ſeries 1, 4. 9, 16, 
25, 36, &c. Anſ. 225. 


4. Required the zoth term of the ſeries. 1, 8, 27, 
Ot, 125, &c. An. 8000, 


PROBLEM IV. 
T' find the ſum of n terms of the ſeries a, b, c, d, e, Oc. 


RULE, 


Let d, di, him, nu, &c. be the firſt of the ſeveral 
orders of differences. 


Pom] —2 


. 72—1 
Then will zaguνã e —— d* + n x X X a" 
2 
7— 1 7 2—2 7 —2 | 77—1 7 2—2 
+ 2X 2 {LL Z * *x— X 
3 4 — 3 
1 — 8 | 
3 — &c, = to the ſum of 7: terms of the 
4 


{C1099 
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EXAMPLES. 


1. * To find the ſum of 7 terms of the ſerics 1, 2, 3, 
45 55 6, & e. : 
I, 2, 3» 4, 5, 6, &e. 
i, 3s 3» 1s. 1: XC 
©; - 0, 6, o, Ke. 


Here 1 and © are the fil terms of the differences: 
£47, thre 8, Gon is 2 l, and 1 


7 1*—7, n'4n 


=z-———= ſum 
1 /6 


Then wil na u * 


—1 

— d*=n+ 
2 
of n terms, as required, 


2. To find the fum of z terms of the ſeries 13, 22, 3?, 
4*, 5*, &C. or 1, 4, 9, 10, 25, &c. 
I, 4» 9, 16, 25, &c. 
3, 5» 7» , Kc. 
. 
7 „ o e. 
Here 3 and 2 are the firſt terms of the diſtrrences: 
Let, therefere, a Ii, q gz, and d**=2. 


N— I 7 — —2 | 
Len wxill nan Xx 7 di + 1X X 411274 
n=] , 2— 1 N—2 3 '— ½ 1—3 * +17 
2 2 3 2 2 
nX(in+1)XxX(mn+1 ; 
= — ( 7 ba fum of n terms, as required, 


lu. 
- 


— 


* Any term of a given ſeries, or the ſum of any number of its 
terme, may be accurately determined, when the differences of any 
order become at laſt equi to each other. 


P 2 


100 SUMMATION OF SERIES. 


Bo To find the ſum of » terms of the ſeries 15, 2“, 
„ 4, 53, Kc. or 1, 8, 27, 64, 125, &c. 
1, 8, 27, 04, 125. &e. 
7, 19, 37. 61, &c. 
12, 18, 24, &c. 
6, Ge. 
o, &C. 
Hence the H terms of the differences are 7, 12, and G. 
Lee, therefore, agi, I=, d*'=12, and du =. 
Jim 2—2 


Ten will ee ; 4 
. n Ke IP u = + 1272 
a 4 
2—1 —2 1—1 2—2 8 7*— 55 
X * * x — 2 — 
3 4 2 
. — 142284 7 
1 fn + 1171 — + : + 22 
4 


= ſum of n tirms, as required. 


4. To find the ſum of » terms of the ſeries 2, 6, 12, 


20, 39, &c. | * EE 2) 
5. To find the ſum of z terms of the ene 1, 3, 6, 10, 
15, &c. | 1 n+ 2 
An == * . 

2 3 


6. To find the ſum of n terms of the ſeries 1, 4, 10, 

20, 35, &c. . . 
I 2 3 

7. To find the ſum of u terms of the ſcries 4, 2, 3, 

4*, Kc. or 1, 16, $1, 250, &c. 


5 4 3 

7¹ 7 N N 
Al. 2 2 8 1 ll + —— —. 
2 


. 
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PROBLEM V. 


The feries a, b, c, d, e, Oc. being given, whoſe terms are 
an unit's aiftance from each other, to find any intermediate 
term by interpolation. 


RULE. 


Let x be the diſtance of any term y to be interpo- 
lated, and di, dit, di, Kc. the terms of the di» 


ferences : 


Then will ab xd + d. 


„„ JO en F » I = 


EXAMPLES, 


7 


15 


1. Given the logarithmic fines of 10 11 
and 193% to find the fine of 191 400%. 
10 of 10 10 19 i. 
Sines 8.2418553 8.2490332 8.2560943 8.263042 4. 


71779 70611 69481 
—1168 —1130 


Here the firſt terms of the diffirences are 71779 —1168, 
and 38. 

Let, therefore, x1 1' 4&'—1* o'=r 40 =12= 
diſtance of y, the term ta be interpolated ; and 42717795 
4 1168, and d'''=38. 


Then will y=a+ xd* tax +a „ 


e U —5 14 =8.2418553S 
P 3 
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011963 1— 5000694—. 00c0002=8.2537533 = fire of 
1 1 40", a» wi; required, 


2. Given the ſeries , bro t e Ke. to End 
| the term which Hands in the middle between % and . 
: | An. TE ©» 
| 3. Given the natural tangents of 88, 54', 889, 55, 
889, 86, 88®, 57', 88?, 5d'; 85®, 59“; to find the tan- 
gent of 88“, 58, 18". Anl. 55.711144. 


PROBLEM VI. 


H.wing given a ſeries of equidiſtant terms, a, b, e, d. e, 
Se. whoſe firſt differences are fmall; to find any interme- 
diate term by interpolation. | 


RULE “*. 


Find the value of the unknown quantity in the equa- 
tion which ſtands againſt che g ven number of terms, in 
the following table, aud it will give the term required, 


1. a— B= © 

2. a—2b+ e o 

3. —35＋ 3c— d= o 

4. a—4b+ (c— 4d e= o 
59. &—5b4-1Ioc—lcd+ 5e— f=0 
6. &—(b+15c—20d-þ15e—0f+g=0 
7 


7—1 2—2 


d, Sc. 20. 
3 


72—1 
0 r - - 


———_— 


* The mote terms are given the more accurately the equation will 
approximate. 
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EXAMPLES. 


1. Given the logarithms of 101, 102, 104, and 105 
to find the logarithm of 103. 


Here the number of terms are 4. 
Theref.re agairft 4, in the table, aut have a—4b + 6c 
2 4 — 5 

4d ego; 7 12 4 5 e 
a= 2.003214 
þ = 2.008002 

Wn 2.6170333 

e= 2.211893 


4X (6+4d)=16,1025340 
a+e = 4,0255107 


6)12.0770233 


— — 


2.012837 2 I. of 103, as 72s 
quired, 


2. Given the cube root of 45, 46, 47, 48, and 49, to 
find the cube root of 50. Anſ. 3.684033. 


3. Given the logarithms of 50, 51. 52, 54, 55» and 
56, to find the logarithm of 55. 4. 1.724275 8695. 


PROMISCYOUS EXAMPLES RELATING TO SERIES. 
1. To find the ſum (S) of x terms of the ſeries I, 2, 
3, 4, 5, ©, &c. 
Firſt, 1+2+3+4+5, Oc. . . .n=s. 
Aud n+ (1-1) + (#—2) + 6i=—3) +(7=—4) H. 


I 
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Therefere (n+ t (+1) TCT) + (1+1), Ec. 


. (2+1) &. f 

n* 
And conſequently (n+1) Xn=2S; or S = Sum 2 
required. | 
2. To find the ſum (S) of u terms of the ſeries 1, 2 


3» 5, 7, 9, 11, &C. 
Fiſt, 1+3+5;+7+9, &..... l 
Ad (2n—1) T(22—3) T (22—5) 7 (22—7) + 
(2 9), S .. 1. 
Therefire zu T2 22 ＋ 2 au t, &c..... 22—25 


27 
And, conſequently, 23nxXn=S; or S= da == 
2 


fum required. 


3. Required the ſum (S) of 7 terms of the ſeries 
a+(a+4)+(a+24) +(2+34)+(a+44), &. 

Fi, eren. „ 
a+(n—1) xd=S. 

And a+ (nd—d) +a+(nd—2d) +a+ (nid—3d) + a+ 
(nd—4d), SW. 43. 

Tbereſtre 2a+ (nd—d) + 2a+(nd—d) + 24+ (nd—d) 2 
Sc. 2a+(nd—d)=25. 

Ana fret, (2a+nd—d) Xz=20z or S=(224 nd 


ml * —= = ſum required. 


OR THUS: 


what x + (a+d)+(a+2d) +(a+ 30) + (a+4@), Se: 
(+1+1+1-+1-+1, Sc. XA N 
(+o+1+2+3+4, c. xdj © 
But n terms of 1+1+1+1+1, Sc. =2, 
_nXx(n—1) 


Aid n terms of o+1+2+3+4, &c, . 
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Therefore S 2 . nd— dd) & 
x as before. 


4. To find the ſum (S) of » terms of the ſeries 2, , 
x*, x% 4, de. 
Firft, 1 +x+x*+x3+x*, Go. . 4 28. 
And x-bx* +x*++2*+a?, St.. IE SZ Is 
Therefore —1 +x"=Sa—S; 
xN—1 


Or S=- 


= Jum required, 
X—1 


And, when x is a proper fraction, the ſum of the fries, 
continued ad infinitum, may be found in the ame manner. 
Thus 1+x+x*+:3+a4, . = . 
And x +a*+a3+a*+a5, G. = Sx. 
Their fore — Ig Sa -S; or S—Sx=1, 


I . * a 
Whence S = ſum of an infinite number of terms, 
1— 
as required. | 


5. Required the ſum (S) of the circulating decimal 
«599999, &c. continued ad ni . 


= 1 9 
Fiat, .999999» &. = 10 Foo? 7580 Io co Fc | 


I 1 1 
916 6 e 18880 | 
I I I I . & 
Or, — & — —. 


o 100 idee ieee 9 


S 
Therefore, 1+=+—==+ : 8 


100 loo 7 
9 9 9 


Il hence SZ15= frm required, 
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6. Required the ſum (5) of the ſeries a* + (a+d)* 4 
(2 +24)* +ia+34)*+(a+44)" , &c, continued to 7 


TEFMS. 
Firſt, a ga 
(a+ dL NA 14 
(a 200% c— 212 Xx 2ad + 4d* 
(a+3d)*=a*+2 X;ad+ gd* 
(a- +4d)*=a* + 2 x 41d + 16d* 
22 De. 


Sum u terms of (1+1+1+1, Ce.) 
XA 


Thb J T. . ditto of (o+1+2+3, &c.) 


X 2ad 
+ . . . ditto of (0+14+4+9, Ec.) 
* da 
But n terms of 1+ 1+1+1, c. u. 


Ditto ef 0+ 23, e. == . — 


; nX (n—1) X({2u—1) 
nd dit! A. 3 989.5 . 
nerd aa Eb obey * N 


1X n—1\ X 22—1) 
IX2X3 


. 5er 2 —9— 
2 re guired. 1X2 X 3 


N hence S. nXa* +1 X(n—1) Xad+ 


7. Required the ſum (5) of the ſeries a3 + (a+ d)? 
+ (a+24)* + (4a-+3d;*+(a+44)*, &c. continued to n 
tel ms. 

Firſt, aI = 

(a+ d = , NIA X 1ad* + 14? 
( 2 z X20 o4 3K 4ad*-þ 84 
(14 24) *=a3 Ki N 9:d*+ 274 
(4 ＋ 4d a* + 3X44*d+ 3X 16bad*+ 644? 
( S bK $0 d+3 * 25 ＋ 12545 


70. C, 
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* a 
+ . . . ditto F (o+1+2+3, Cc.) 


* 3a*d 
Ther! fore, $20 . . . ditto of (o+1+4+9, Cc) 


1 

. . ditto of (o+1+8+27, c.) 
X a 

But n terms of I-III, &c. n 


55 Sec.) 


Dino of 0414243, Ge. SED 
ö 8 _nX(n—1)X(2n—1) 
Ditto. . . of o+1 +4 +9, &c. = 3 ＋ 


* — + 227 


Ditto if ITS +27 +64-+125, Cc. =>—— 7 


7 X(n—1) X 3a*d 


Conſequently the ſum S=n NA + 


| 1X 2 
2% (n—1) X(2n—1) Na“  (nt—21n3 +3?) x Þ 


1X2X3 2X2 
Sum required *. 


8. Required the ſum (S) of u terms of the ſeries 
14347715 ＋31, &c. | 


The terms of this ſeries are evident equal bo 1, (1+2), 


{1+2+4), (1+2+4-+8), Sc. er the Ev FO 


the geometrical rog reſſton 1, 2,4, 8, 16, 


Let, therefore, a=1, and r=2, ar 3 a Ta 
+ ar* +ar* ar, Sc. =1+2-p4+8+16, Oc. 


_- — — 


* For an account of figurate numbers, with the methods of find- 
ing their ſums, &c. I mutt refer the Jearner to Simpſon's Algebias 
p. 215, Where he will find this ſubject fully explained, 
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But the ſum of 1, 2, 3, 4, Cc. terms of this ſeries are 


Ax—4A ; ) a 
1. no Ls] — 
—1 ( 1—1 
GX — 2 6 - 1 
2. * —_ 1 — 
1—1 7—1 
a2 —2 
7 6 ) 1 
427 —2 
F = (14 = X 
E — 
Ec. Je. 


a n term of 14 72 TYAN, Tc 
Therefore, S n terms of 1+1+1-þ1, &c. 


1 


But iT ITI ITI ITI TI TI, Se. n, 
And r +r*+r* + NA, Ec. (Ei) x, HIP 


i 


— 


1 
Whence S=(r*i—1) * . —) * = ſum required. 


T—] 
9. * Required the ſum of (2) terms of the ſeries 

1 1 l 

= oh 3 n &c. 

V 

Ie terms of the ſeries are the ſucceſii ue ſums of the geomes 

trical pr! griſſiun ++ +; + 7 + 165 Se. 


f 8 
Let thereſore a=1 and r=2, then will a+ - +, + 
| l 


1 TA 1 . : = T3 0 v7 THEY + 
; i 


I . — 
: F 728 Oc. continued at flerjure. 
12 | 


— 
* 


* Many queſtions of this kind, as well as ſev ral cther things e- 
dating to ſeries in generel, may be found in Dodſon's Mather aticel 
Repoſitory, which is an excellent analytical performance, 
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But the ſums of 1, 2, 3, 4, Oc. terms of this ſeries are 
(r —1) Xa a 
— = (r—1) * 


(7 —1)XlLl * 
2 
11 X 1 a 
(r —1) XT r 7—1 
1.— 1 a 
Gents, 2 
(7 —1) Xr 7 e 
( N i a 
— = (=). 
Se. Se. 
4 n !erms Fr rr r, Ec. 
To rife S=-—- „ l 
* — fer 0 — — — — — 
71 "terms of —+ == . Oc. 
But y Arrrr. Cy > Nr, 
l I ! 13 . 
Aad -, c. -. ——., 
1 / w fs (7—1) J 
4 i a ST aL. 4 ; 
H rence J — YOU os — — in required, 
71 Kr 
10. To fad the ſum (8) of the infinite ſeries of the 
b * 3 SS ww PSPS Yn 6 I : I I 
FECT PrUCay Vi tue 4 LAN Al Num ers, STEP 6 1 MY 
&&. 5 


()- — rr r. Se. . 0-8 — 2 
F 

1 I I 83% S 

Jen 3 _ GIO — * _ 5 Oe. CT S400 — —. 


V 2 
5 Mo [ E 3 1 I OR © 9 
Phat in(===) 1 (===}+{=—-) 4 (===) .&c. = 
LL OS ot we Ce 
Q 
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=+=+=4=+%, &c 
1 7 
Or, 1 _ 
W , Se. 
7 7 


#1 
Whence, ==} or S=2= ſum, required. 
I 


11. * To find the ſum of » terms of the ſeries 


1 1 1 1 1 
F nn 
r 
2 3 4 
1 1 1 
— —— — — — — Dd —— 
Then % n „Oc. to —. 
1 
And 2 — . POTS Sc. to 158 


The figurate numbers, of which the terms of this and fevers! 
other ſeries are the reciprocals, may be exhibited thus: 


1ſt. order I; I, ts Is 1, e. 
2d. order i, % 3% „ „ de. 
Figurate aum- J 14. order þ are J 2, 3, 6, 19, 15, Ke. 
4th. order I, 4, 10, 20, 35, &c. 
5th. order I, 6 15, 35; 70, Ke. 
It may alſo be remarked, that different ſeri. s are diſtinguiſhed by 
particular names, according to the nature of their terms, 


Thun, a ſeries, whoſe terms continually decreaſe, is called a di- 
verging ſeries. | 


And a ſeries, whoſe terms neither increaſe nor diminiſh, is cal'ed 
* * 
a neutral ſeries, 


Thus: 1—Z+4{— 1—5. &c, converging; 1-243 - 44 5, &c. 
diveiging: and 1i— 141-14 &c, neutral. 
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Therefore ———== +7 +— 77 755 Sc. to 1— 271 
or reiben ct vH, 
hence, 2 ==+=+ 6275 Sc. to IT, 
778176 i Oc. to —_— (or n terms) 
2 == = ſum of the 5 er anſwer required. 


-+ 


12, Required the ſum of the infinite ſeries 


. 3 &c. 
l 1 


La a t © + 2 + 7 5 Se. ad infinitum. 
Then 207 Tn I + EA * = + 7 Sc. by tranſpoſition, 
And 158 12 72 — 1 511 Th Sc. by ſubtraction. 
1 
Or, ct Ty „Oc. ly tranſpoſition, 
14. * 
N " Sts —+- _ ble by ſubtraction. 
Or, = l 12 tm meg - —, Oc. 


k 1 


1 
2 1.2.3 2.3.4 3:4 75 4.5˙0 
1 
2 


WF Hence —2— 


, ad infinitum, 


1.2.3 3-445 225 


I 1 
But —>2=-- ; therefore - 
e 4 


— + 


s Cont 1 


| —— 
2.3 34:5 4+5- 77 
aued to infinity, is equal to 1 which is the ſum required. 


Q 2 
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Ss ih * 1 
13. To find the ſum of x terms of the ſeries —— 
1. 


2.3 
1 
bes ee F «x C 
23 3.4 5 TEE 
l ; 1 
Let $=—— +--—+-—= +, Sc. to — : 
& 2. 4» 1. (1 ＋1) 
. 1 
Tien , Se 
} S:. 17 n.(n+1) 
i . . : 
FC / —— — ! — ; ay CES N 
- u ET. UTZ) 2. a * 8 * 
, ü 2 1 
: „Oc. cort 3 = 
6.7 + 7.8 Sf inue i to U 55 T2) .. 
1 2 2 2 


| 1 
1 birefire — — 
75 2 ( (n-+1). n+42) I, 1.2.3 3 12.3.4 3.4.5 
continued tonterms) by ſab traction. | 


hence J . . T2 + 
4 70141): (n+2) © 12.3 2:34 3:45 
Ofc, (continuid to u MY by ci viſſon. 


1 
And conſequently, 


— + mips continued to u 
2.2.3 2.3.4 34.5 
1 


4 2.(5 +1).\u+2) 


= ſum req ire J. 


terms is = 
14. Required the ſum (5) of the ſeries 1 7115 


1 | 3 | 
- , &c. continued ad infinitim, F 


$-- 2 
Let x = and F —. 
2 I -+ x 


X- ＋ A- “ + x5, Ic, 


Then — 


* 
Aid 2=(159-x) X (x==ax*+xi——zt, Oc.) 
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Whence, by { Xx * þ x*—x*+ x5, fc. 
multiplication (1 +x_ 


K- + x*—x*+ x5, &c, 
+ x*—x3 + x*—x5,, Sc. 


— 


Whoſe ſum is =x+ 0 +0+0 +0, &c. 


Therefore x x. 
And Xx — * ＋-X— I ＋- a“, Ee. =— 
E334 4 "BL OO : 
Or T4 122 * , toc, "149 3 —— ſum e 
quired, 
I;. Required the ſum of the ſeries * 77125 | 
1 2 
+ 32 &c. Let — 7 3 and S (1 I 
Then = ges, Ce. 


And 2=(1—x)* x (x+23x* + 3K +4x*+ Fc, Sc. 
hence by f x+2x*+ 37 + 4x*, Tc, 


multiplitation L 1—2x + x* 


x +2x 2 þ 3x% + 4%, Tc 
—2x*—4x*— bx, Qc. 


+ x3+24*, Cc. 
Whoſe ſum is S TO +0 +0 o, &c. 


Therefore x==2, 


erer. ux 
Or - += +> 2+ = +, Sc. = Z =2= fum re- 


4 16 32 6 
Q3 


1 
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16. the ſum (S) of the infinite ſerics 


4 8 
44 — 
75 27 Br 
Let — — 
et x 3 e 
1 -—=x+ 4x*+9:13-+ 16x* + 2535, S. 


And n= I X (x+4x* +9gx3+ 16-4, Cc.) 
XTX, as will be Fund by actual multiplication. 


T cre fre x + x*=2. 


Ard conſequently x + 4x* + 9x* + 1644, Se. = 
| 3 
6 4K 1415) 3 I 
O 24 2M. . — 4 — —1— 
ob” 72 7 Se. f 


3 


No Required the ſum (S) of the infinite ſeries 
a+d 2424 a ＋ 2d Fa 


73 2 
22 amr Hm 7 ar 


Let 1 ond &. — 0 


. mix) 


8 42 12 a+ SI FLL SR ee. 


m — ? m nr mr* 


YZ ad 2420 a+3d 
3 + + 24 


2 


2* 


Or 


Ut r r 
That is, ——=a+{a+d) xx+(a+24) Xx*+ 


{a+ 2d) x, Cc. 

And 2=(1—)*X(a+(a+d)x+(a+24)x*+(a+ 
3d) *, Sc.) (i-) Xa+ dx, as aii apf ear Ly actual 
multiplication. 

Thir:fore xg i-) Xa +4 dx, 


„Er. 
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a a+d 2427 
And conſequently _—_ Wee = 


— l 
ho : _ == Sum ef ihe infinite ſeries required, 


'EXAMPLES FOR PRACTICE. 


1. To find the ſum of ꝝ terms of the ſeries a+ (4-4) 
+ (a—24) + (a—34) +(4—44), &c. 
An. * (2 —- - iX.) 


2. Required the ſum of the infinite ſeries a +da+ 
dea +d*a+a*a, &c, where d is a proper fraction. 


An 8 5 
1—1 
3. Required the ſum of the infinite ſeries 143K 
L reel 
6x*+10x3+1 5x, &c. Arſe — ' 
| | (1—x)3 
4. Required the ſum of the infinite ſeries 1+ qx+ 
10x* +20x*+ 3 5xt, &c. 45 . 
(1—x)*. 
5. Required the ſum of the infinite ſeries 1 
3793. 
1 I 1 
— + — . &ec. 42. — 
57 739 uf. 7 


6. Required the ſum of 40 terms of the ſeries (1 x2) 
+(3X4)+(5X6)4 (0X7) +(7 x8), &c. 

A-/. 22960, 

7. To find the ſum of the infinite ſeries 1+ 2%*x + 

3*x* +4*x* + 5*x*, &c. Auf, 1+11x+11x*+ 1148 

(-a, . 

8. Required the ſum of the infinite ſeries 


1 Fa Fo 1.2.3.4 
5 . I 
2.3 4.5 3+4-5-0 48. 
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3 e 2p the ney” of „ terms of the ſeries 


7 
Ay —1 3 
10. Required the ſum of terms of the ſeries 


: - » &C, 


* A 
1.2.3.4 2.3.4.5 3. 225 


An . 
15 5 — FIT) 
11. Required the ſum of the ſeries 44. 
„ „ 
+. ' 
4-7 nX(3+2n) 
7 1 2 
eee eee into 
12. Required the ſum of the ſeries 7 
1 1 3 gn + 377 
e 2n(4+ 2n) * 2 16˙8 32148 ＋ 1625 
13. Required the ſum of the ſcries 1 
3 ' 
8.12 (272). (6 T2.) 
i 7 7 
* . 1 1 2645: 2 


14. Required the ſum of the ſeries — 44 
| = 6.12 


I JE: 1 
9.16 T 12.20 © 3n.(q+4n) 


72 
Hy. ED „S 12412 
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15. * R-quired the ſum of the infinite ſeries . 
42 I 4 I 1 2 
TT 


Ans. . 693 14718, c. or . Ig. of 2. 
16. Required the ſum of the infinite ſeries 1— 7 * 
I 


o . &c. 


1 
475 785 39, Sc. or I cir, of the circle while diam, is 1. 


17. Required the fum of the 3 ſeries 5 0 : 


17. — 1725 & c. Anſ. 193147, Ec. or 2 ＋ hyp. hg. 7 

8 wk 
18. Required the ſum of the diverging ies 

22 q* 4* by 

„ — 4 — wm &c. 


J 9 4 5 
Anſ. 1.943147, &c. 23 + hyp. log. of 2. 


19. f Required the ſum of the hy per-geometrical ſeries 
112-6424 — 120, &c, or 112-2130. +-4D 
—5 E, &c. Anſ. near api ox. vaiue =.29517 4. 


—— 
——ͤ̃ — — — — 


* A great va iety of ſeries, of diflerent forms, may be found in 
other authors; but thoſe Which are given will be ſufncieat foi the 
learner's practice. 

The names of the principal authors, who have written upon t'.is 
ſubject, are us follows; 

Archimedes; Arabes; D'Alembert; Barrow ; Briggs; Nicholas, 
Daniel, John and James Pernouliiz Fermat; Deſcartes; Clairaut 
Condorcet; Cotes; Dodſon; Euler; FEmerſon; Fagnanus; Le 
Grange ; Goldbach; Gregory; Halle,; Harriot; Huddens; Huy- 
gens; Hutton; Kepler; Keil; Landen; Mac Laurin; De Lagney; 
Leibnitz; Lorgna; Lucas de Burg; Manfredi; Monmort; De 
Moivre; Montano; Nichole; Newton; Oughtred; Riccati; Reg- 
nald; Saunderſon; Sterling; Sluſius; Simpion; Brook "Taylor 
Yaris gnon; Vieta; Wallis; Waring; &Cc. 

+ Yor an account of theſe ferics, with a new method of finding 
their approximate Wade, lee Dr. Hutton's Mathematical Tiacts, 
lately pub.iſh.d, 
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OF LOGARITHMSE®. 


Logarithms are numbers ſo contrived and adapted to 
other numbers, that the ſums and differences of the 


former ſhall correſpond to, and ſhew, the products and 
quotients of the latter. | 


Or, more generally, logarithms are the numerical 
exponents of ratios; or a ſeries of numbers in arithme- 
tical progreſſion, anſwering to another ſeries of numbers 
in geometrical progreſſion, 


Thus 17 I, 2, 3, 4» 5, Indices, or logarithms. 
Ur, 2, 4, 8, 16, 32, Geometric progreſſion. 


O, I, 2, 3 45 5 Indices, or logarithms. 
Or Bug 3» 95 275 81, 243. Geometric progreſſion. 


. 3. 4. 5, nd. or log. 
oy 85 10, 100, 1000, 10000, 100000, Geo. prog. 


Where it is evident that the ſame indices ſerve 
equally for any geometric ſeries; and conſequently 
there may be an endleſs variety of ſyſtems of logarithms 
to the ſame common numbers, by only changing the 
ſecond term, 2, 3, or 10, &c. of the geometrical ſeries. 


— 


* The invention of logarithms is the undoubted right of Lord 
Neper, Baron of Merchiſton, in Scotland, and is properly conſidered as 
one of the moſt uſeful and excellent diſcoveries of modern times. 
A table of theſe numbers was firſt publiſhed by him at Edinburgh, 
anno 1614, in a treatile entitled Canon Mirificum Logaritbmerum; and, 
as their great utility and extenſive application were ſufficiently appa- 
rent, they were immediately received by all the learned throug out 


Europe, Mr, Henry Eriggs, Savilian Profeſſor of Geometry at Oxferd, 
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It is alſo apparent, from the nature of theſe ſeries, 
that if any two indices be added together, their ſum 
will be the index of that number which is equal to the 


product of the two terms, in the geometric progreſſion, 
to which thoſe indices belong. 


Thus, the indices 2 and 3, leing added together, are 
=5 ; and the numbers 4 and 8, or the terms correſpunding 
wwith thoſe inaices, being multiplied together, are 32, 
which is the number anjwering to the index 5. 


Ard, in like manner, if any one index be ſubtrated 
from another, the difference will be the index of that 
number, which is equal to the quotient of the two terms 
to which thole indices belong. 


Thus the index 6, minus the index 4, is 2; and the 
terms correſponding to thoſe indices are 64 and 16, whoſe 


quotient is ; awhich is the number anſwering to the in- 
Arx 2. 


upon hearing of the diſcovery, ſet out upon a viſit to the noble in- 
ventor, and ſoon afterwar''s they jointly undertook the arduous taſk 
of computing new tables upon this ſubject, and reducing them to a 
more convenient form than th at which was at firſt thought of. But 
Lord Neper dying before they were finiſhed, the whole burden fell 
upon Mi. Briggs, who with prodigious labour, and great ſkill, made 
an entire Canon, according to the new form, for al! numbers from 1 
to 20000, and from gooo to 101000, to 14 places of figures, and 
publiſhed it at London in the year 1624, in a treatiſe entitled Aritbmetica 
Logarithmica, with directions for ſupplying the intermediate c/ iliads, 


This Canon was again ; ubliſhed in Ho/land by Adrian Vlacg, anno 
1628, together with the Logarithms of i] the numbers which Mr. 
Briggs has omitted; but he continued them only to 10 places cf 
decimals. Mr. Briggs alſo computed the logarithms of the fines, 
tangents and ſecants, to every degree, and gg part of a degree of the 
whole quadrant ; and ſubjoined them to the natural fines, tangents, 
and ſecants, which he had before computed to 15 places et figures. 


: 
| 
| 
0 
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For the ſame reaſon, if the logarithm of any number 
be multiplied by the index of its power, the product will 
be equal to the logaritim of that power. 


Thus, the intex or logarithm of 4, in the above ſeries, is 
2; and if this number be multiplied by 3, the product will be 
=06; which is the logarithm , 64, cr the third power of 4. 


And, if the logarithm of any number be divided by 
the index cf its root, the quotient will be equal to the 
logarithm of that root, 


Thus the inavx er legeritlm of 64 is 6 yz and if this num- 
ter le divided by 2, the quotirnt will be S3; which is the 
logarithm of 8, er the fqiar: riot of 64. 


The i»garithms moſt convenient for practice are 
ſuch as are adopted to a geometric ſeries increaſing 


—— 


And theſe tables, together with the'r chaſtructlon end uſe, were firſt 
publiſhed in the year 1573, after Ar. Brizes's death, by Mr. Iny 
Gellibrand, under the title of Trigen;metria Britannica. 


Benjamin Us fir.us has alſo given us at ble of Ioparithms to every 
10 ſeconds, And Ar. Roi, in his Mathematica]! Laxicen, favs that 
one Var Leer had computed them to every ſingle ſ:cond, but his 
untimely death preven'ed their publication, 


A great number ef other authors have treated of this ſabieF, but 
as their numbers are frequently iniccurate and incommodiouſly dif- 
poſed, they are now generally neglected, The tables in moſt repute 
at preſent, are thoſe of Cardiner in 4to, firſt publiſhed in the year 
1742, and Sherewin's tables in 8vo, firſt printed in the year 170c, 
where the logarithms of all numbers may be eaſily found from 1 to» 
x000CCO ; and thoſe of the ſines, tangents, and ſecants, to any de- 
gree of accuracy required. 


Dedſon's Antilegaritl mic Canon is likewiſe a very ingenious work, 
being of great ule for finding the numbers anſwering to any given 
logarithms, | 

Since the firſt publication of this work, Mr. Michael Taylor's tables 


have e ppeared, containing the common logarithms, and the logarith- 
nic nes and tangents to every ſecond of the quadiants 
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in a tenfold proportion, as in the laſt of the above 
forms; and are thoſe which are to be found, at preſent, 
in moſt of the common tables upon this ſubject. 


The diſtinguiſhing mark of this ſyſtem of logarithms 

13, that the index, or logarithm, of 1js o; that of 10, 
t; that of 100, 2; that of 1009, 3, &c. And in de- 
cimals the logarithm of .1 is —1; that of . oi, —25 
that of. oi, —3, &c, 


From whence it follows that the logarithm of any 
number between 1 and 1o muſt be o and ſome frattional 
parts, and that of a number between 10 and 100 wall 
be 1 and {ome fractional parts; and fo on for any other 
number whatever, | 


And ſince the integral part of a logarithm is always 
thus readily found, it is uſually called the zn, or 
charadteriſtic; and is commonly omitted in the tables; 
being left to be ſupplied by the operator himſelf, as oc- 
caſion requires. 


OF THE MAKING. 


OF LOGARITHMS. 


Whatever arithmetical progreſſion we apply to a 
geometrical one, the terms of it are logarithms only 
to that ſeries to which we apply them, and anſwer the 
end propoſed only for thoſe particular numbers; ſo 
that if we had logarithms adapted only to particular 
geometrical ſeries, they would be but of little uſe. 
The great end and deſign of theſe numbers is the eaſe 
and expedition which they afford in long calculations, 
by ſaving the laborious work of mulrip/i. ation, diviſion, 
and the extraction of roots Mo this end would never 
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be completely anſwered, unleſs logarithms could be 
adapted to the whole ſyflem of numbers, 1, 2, 3, 4. Kc. 
And as here lies the chief excellence and merit of the 
contrivance, ſo alſo the difficulty. For the natural 
ſyſtem of numbers, 1, 2. 3, 4, &c. being an arith- 
metical, and not a geometrical ſcries, ſeems rather ſit 
to be made logarithms of, than to have logarithms ap- 
plied to it. But this difficulty may be eafily removed, 
by conſidering, 


That thovgh the whole ſyſtem of natural numbers, 
I, 2, 2, 4, &c. is not in geometrical progteſſion, and 
cannot, by any means, be made to agree with ſuch a 
ſeries, yet they may be brought ſo near it, as to be 
within any aflignable degree ot approximation; which 
may be conceived, in general, thus: ſuppoſe a fraction 
indefinitely (mall to he repreſented by x, and a geome- 
trical ſeries ariſing from t, in the ratio of 1 to 1+ x, to 
be 1, (IJ), (1+x)*. (i1+x)*, (*)“, &c. Then 
muſt {ume of theſe terms come indefinitely near to all 
the natural numbers, 1, 2, 3. 4, &c.; becauſe, amongſt 
numbers which ariſe by extremely ſmall increments, ſome 
of them muſt exceed, or fall ſhort, of any determinate 
number, by an indefnitely little exceſs or defect. 


If, therefore, in the places of the terms of this ſcries, 
which approach indefinitely near to any of the natural 
numbers, we ſuppoſe theſe natural numbers themſclves 
to be ſubſtituted, then will this ſeries be in g-omeriical 
progreſſion, to an exactueſs which may be called infinite; 
becauſe the approximation of its terms to the natural 
numbers can never end, but goes on iu infinitum. 


And fince this imagined geometric ſeries compre- 
hends, indefinitely near, the whole ſyſtem of natural 
numbers, 1, 2, 3, 4, &c. ſo the indices of its terms 
comprehend a whole ſyſtem” of logarithms, which ate 
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adapted to this ſyſtem of numbers, and may be extended 
to any length we pleaſe, Fer though the natural ſyltem 
of numbers make not, by themſelves, a complete geome— 
trical ſeries, yet they are conceived as a part of ſuch a 
ſeries, and their logarithms are the indices of their dil- 
tznces from unity in that ſeries; or, more generally, 
they are the correſponding terms of an arithmetical ſe- 
rics applied to that geometrical one. 


But, again, it mult be obſerved, that an indefinitely 
ſmall fraction cannot be aſſigned; and, therefore, in 
the actual conſtruction of logarithms, we muſt be 
content with a determinate degree of approximation. 
Whence, according as we take x, in the ſeries 1, (I)“, 
(ern, (I), (X,, &. the approximation of 
Its terms to the natural cumbvers will be in different de- 
grees of exactneſs: for the luſs x is, the nearer will be 
the approximation; but then the more are the number 
of involutions of 1+x, neceſſary to come within any 


determinate degree of nearnel> to the natural cumber 
aſſigned. 


Thus then we may conceive the poſſibility of 
making Jogaruhms to all the natural numbers, 1, 2, 
3. 4, &c. to any determinate degree of exadneſs; 
viz, by aflianing a very ſmall fraction for x, and 
actually raiting a ſeries in the ratio of 1 to ix, 
and taking for the natural numbers ſuch terms of 
that ſeries as are neareſt to them, and their in- 
dices for the logarithms. But then, to conſtruct 
logarithms in this manner, to ſuch an extent of 
numbers, and degree of exatneſs, as would/be ne- 
ceſſary to make them of any conſiderable ufe, is next 
to impoſſible, b+*cavſe of the almoſt infivite labour 
and time it would require, This, howe 15 an 
introduction for underitanding the method the 
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roble invertor, who undoubtedly firſt tock the hint of 
making logarithms from the conficeratior of the irdice: 
of a geomettical ſeries; ard by means of the principles 
and known properties of theſe propretfons he firſt formed 
his tables, and adapted them to the practical purpoſes 
intended, 


PROBLEM JI, 


T find the logarithm of any of the natural numbers, 1,2, 3, 
4, Cc. according to the method of NEPER, 


RULE®, 


1, Take the geometrical ſeries, 1, 10, 100, icoo, 
10000, &c. and apply to it the arithmetical jerics 1, 2, 
3, 4, &c. as logarithms. 


2. Find a geometric mean between 1 and 10, 10 and 
100, or any other two adjacent terms of the {cries be- 
twixt which the number propoſed lies. 


2. Between the mean, thus found, and the neareſt ex- 
treine, find another geometrical mean, in the ſame man- 
ner; and fo on, till you are arrived within the propoled 
limit of the number whole logarithm is fought. 


4. Find as mary arithmetical means, in the ſame 
order as you found the geometrical ones, and the laſt of 
theſe will be the logarithm anſwering to the number 
required, 


— —— — — — — — 


* The reader who wiſhes to inform himſelf more particularly con- 
cerning the hiſtory, nature, and conſtruction ef logarithms, may con- 
ſult Dr. Hutton's Mathematical Cables, lately publiſhed, where Be 
will and his curiolity amply gratified, 
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EXAMPLE® 


Let it be required to find the Jogarithm of 9, 

H re the nan;b-rs between which g lies are 1 and 10. 
F., thin, be Ig. 10 is 1, and tle kg. of 1 is 0; 
178 


2 
* SVS 3. 1622777 = geometric mean; whence 
the wgarithm cf 3,1022777 75 5. 


S: condly, the lor. of 10 is 1, and the log. of 
1 


3.1622777 is 5; Her tre ——=7 arithm tical 


ther: fore = 5 is the crithmetical mean, and 


mean, and (IOX 3. 1622777) = . 234132 = get metric 
mean ac hence the log. of 5. 6234132 15 .75. 


Thiraiy, tle log. of 10 is I, and the log. of 
+75 
2 


6.0234132 5.75 ; therefere 


=.875 = aritumetical 
mean, aid 4 (10.X5,6234132)==7.4999121= geometric 
mean : whence th og. of 7.4983421 15 875. 


Fourthl;y, the leg. F lo is 1, and the log. of 


7.4939421 1s .875; rhereftre +2 9375 orith. 


metical mean, ava (IO x 7.4989421)==8.6596431= 
geem tric mean + whence the log, of 8.0596431 15.9375. 


Fifthly, the log. of 10 is I, and tle log. of 
17.9225 


8.659543 1 4 9375; therifare = 96875 = 


arithm-tical mean, and VOS. 6596431) πτπꝙ. 3057 04 
= £'omelric mean: whence the leg. of 9. 305 7204 is 


90875. 
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Sixthly, the log. of $.6596431 is 9375, and the log. 
of 9. 3057204 1.96875; therefore . 


2 
953125 g ritb. mean, and „8.659643 1 XK 9.305 7204) 
8.97687 13 geometric mean aubence the log. of 
8.97087 13 1.953125. 

And, proceeding in this manner, after 25 extraction, the 
logarithm of | $8.9999998 will be found to be. 9542425 
which may be taken for the logarithm of 9, becauſe it differs 
from it only by Jod 8, and 15 therefore ſufficiently ex 
or all practical purpoſes. 

And in the ſame manner the logarithms of aimoſt all the 
prime numbers were found; a work fo incredibly laboricur, 
that the unremiited induſiry of ſeveral years was ſcarcely ſuf 
ficient for its accompl:fhment. 


PROBLEM II. 


To determine the hyperbolic logarithm (I.) of any given nun 
ber (x). 


The hyperbolic logarithm of any number 1s the index 
of that term of the logarithmic progreſſion, which agrees 
with the propoſed number multiplied by the exceſs of the 


common ra'io above unity. 
Let, therefore, I) be that term of the logarith- 


mical progreſſion, 1, (IX)“, U, (1+x/, (IK), 
&c which is equal to the required number (N). 


Then will (1+x)"=N, and 14 N; and if 
1+y be put x, and m==, we ſhall have 14. 


.— 1 
2 


= nn=(1+9)m=1 +09 +100" +1 x * 
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„ 


2 


2 


And, conſequently, x= my + m X * + un 


„, &c. where u being rejected in the factors 


* 


n.1, m—2, „3, &c. being indefinitely ſmall in com- 
pariſon of 1, 2, 3, &c. the equation will become x==y 
W w ay* 


— ——, &c. 
2 3 4 
„ 
Hence „T= 5 x Rs Ke => 


hyperbolic logarithm of x, as was required. 


PROBLEM III. 


The hyperbolic logarithm () of a number being given, to 
find the number (x) itſelf, which anfevers io it, 


Let (ia) be that term of the logarithmic progreſ- 
fion, 1, (IX)“, (1+x)*, (I,, (1+x)*, &c. which 
is equal to the required number x. 


Then, becauſe (1+x)* is univerſally iTAN 
N—1 2—1 N—2 


K 2 ＋ N * a3, Kc. we ſhall have 14 u 
2 
| en 2—1 1 —2 
* — X ＋ N * x5, Ke, u. 


But ſince u, from the nature of the logarithms, 1s here 
ſuppoſed indefinitely great, it is evident that the num- 
bers connected to it by the ſign — may all be rejected, 
as far as any aſſigned number of terms. 


For as 1, 2, 2, &c. are indefinitely ſmall in compari- 
fon to u, the rejecting of thole numbers can very little 
affect the values to which they belong. 
| 4 
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If, therefcre,. 1, 2, 3, &c. be thrown out of the 
Hoo] 2 —— 


fadors ——, N , &c. we ſhall have I ur- 
4 | 


But u (=) is the hypertolic logarithm of Ii), 
or x, 5 what has been cefore ſpecificd; and tlerefore 


11 13 
i += +> 177 „&c. =N == nud ber 1egquired. 


PROBLEM IV. 
To determine the hyfertilic li (1) of any giden num- 
ber (N), by «n uitir/ally rentirging fi ries, 


y* 3 he 
Jy 


The ſeries — —, &c, is the moſt eaſy 
4 


and natural that can be TER ned; but, in determining 
the Icgarithms of lage numbers, it is but cf tile uſe, 
ſince, in luch calrs, it diverges inſtead of converging. 


Let, therefore, the number whoſe logarithm you would 
find be denoted b 


, and alſo let (Ik) n be the 


term of the niche progreſſion agreeing with the 
propoſed number, 


Li 22 
„ 
(i = U (by putting == =——)= W 


Then (I] =, Or I +x= 
3 


W— 1 mW , 
8 r * , &c. 


2 
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2 3 4 
Whence 74 . —— hy- 
2 3 


m - 


perbolic logarithm of ; which ſeries, it is manifeſt, 
I 


be ever 


will conſtantly converge, let the value of : a 


gr 
ſo great; becauſe y will always be leſs than unity. 


But it is to be obſerved that this ſeries, except 
in its figns, has exactly the ſame form with that 
above found for the logarthm of 1+y, and that, 
if both of om be added together, the ſeries 2y+ 
29” 2 
Fs 
than either of them, as one half of the terms will, in that 


caſe, be entirely deſtroyed. 


8 &c. thence ariſing, will be more ſimple 


Since, therefore, the ſum of the logarithms of any 
two numbers is equal to the logarithm of the pro- 
duct ot thoſe numbers, it is manifeft that 2x+ 

3 $ 
72 „ Kc. will truly expreſs the logarithm of 


: 2 which ſeries converges ſtill faſter than x+- 
** ur 
. &c. not only becauſe the even powers are here 


Ceſtroyed, but becauſe x, in finding the logarithm of 
any given number (x) will have a leſs value. 


And, in order to determine what this value of x 


muſt be, make LEE 
1—x 


=N, and then x will be found 


wo RAB but if the quantity propoſed 4 be a frac- 


NI 


K . 1x 
tion, inſtead of a whole number, make 


P 
— 23 g 
1— „ 
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and we ſhall have =D; and either of theſe 


values being ſubltituted in the foregoing ſeries 2x+ 
2x7 2 


: Gs &c. will give the hyperbolic logarithm of 


tie number required, 


Now, by finding Neper*s logarithm of any number, 
eccurding to the toregoing method, Prizgs's, cr the 
common logarithm ot the {ame number, may be found 
as follows: | 


Briggs logarithm of any number is, to Neper's loga- 
rithm ot the ame number, as Briggs's logarithm of 19 is 
to Nefer's logarithm of 10. 


But Briggs's logarithm of 10 is 1, and Neper' loga- 
rithm of 10 1: 2. 302585093, whence if Briggs, or the 
common logarithm of any number, be dendted by c. L. 
and Neper's, or the hyperbolic logarithm of the ſame 
number, by n.. we ſaall have 2.302585cg3 ! 1: 


N. L. C. L. ; or H. T. X u. 1. 
2.3025 85093 
43429448 10 2 C. L. as was required “. 


—— 


__ —— ww — 


There are, beſides theſe, many other ingonious methods, which 
later writers have diſcovered, for tinding tle logarithms of numbers 
in much eaſier way than the original inventor 3 but, as they cannot 
be underſtood without a knowledge of ſome of tne higher branches ol 
the mathemat cs, I have thought ; roper to omit them, an: mult beg 
leave to refer he reader to thoſ: works which are written exvreſ.ly 
upon the ſubject. 

It would likewiſe much exceed the limits of this compendium, to 
point out al the peculiar artifices that are made uſe of tor contiructing 
an entire tabl : of theſe Humbers; ſu. h as thoic of Gardiner, neu, 
and others, who have reatcd n this ſubject; but any information ot 
this kind, which tie learner ay wiſh to obtain, may be found in 
FHutton's Tables, before menuoncd. 
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OF THE METHOD OF USING 


A TABLE OF LOGARIT HMS. 


Having explained the method of making a table of 
the logarithms of numbers greater than unity, the next 
thing to be done is, to ſhew how the logarithms of frac- 
tional quantities may be found. And, in order to this, 
it may be obſerved, that as we have hitherto ſuppoſed a 
geometric ſeries to increaſe from an unit on the right 
hand, ſo we may now ſuppoſe it to decreaſe from an 
unit towards the left; and the indices, in this caſe, be- 
ing made negative, will till exhibit the logarithms of the 
terms to which they belong. | 


Thus Log, —3 —2 —1 0 +1 +2 +3, Oc. 


Nam, de rr Ts. 1 10 108 1000, &c, 


Whence +1 is the logarithm of 10, and —1, the logarithm 
of 45; +2 the logarithm of 100, and —2 the logarithm 
of 3452 Cc. 

And from hence it appears that all numbers, conſiſtir 
of the ſame figures, whether they be integral, fractional, 


or mixed, will have the decimal parts of their logarithms 
the ſame. 


It will be ſufficient to obſerve h-re, that the logarithms of all the 
prime numbers being had, thoſe of the compoſite numbers may be 
found only by means of addition and ſubtraction. Thus, L.4=2L.2 3 
1. 10 1. 2 11. 5; 1. 5 1. 10—1. 2; 1.6 2 L. 2 1 L 3, and ſo on 
for any other of theſe numbers. 0 

In like manner the log. of axb—1.a+r.b; the log. of 


a—b—=L.a—Leb; the log. of rug Mer, and the log, of 
T 


= bats 
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Thus, the logarithm of 5874 being 3.76893 39, the loga- 
rithm of b 155) i255, © part of it will be as follows : 


Num. Logarithms. 
98740 37689339 
587.4 || 2.76893 39 
£8.74 [ 1-7689339 
5-874 || 0-7689339 
5874 p-1-7689339 

05874 p-2-7689339 
005374 (—3-7689339 


From this it alſo appears, that the index, or charac- 
teriſtic, of any logarithm, is always one leſs than the 
number of figures which the natural number conſiſts of : 
And this index is conſtantly to be placed on the left 
hand of the decimal part of the logarithm, 


When there are integers in the given number, the in- 
dex is always affirmative; but when there are no inte- 
gers, the index is negative, and is to be marked by a line 
drawn before it, like a negative quantity in algebra. 


Thus à number having 1, 2, 3, 4, 5, Cc. integer 
places, 


The index of its log. is o, 1, 2, 3, 4, c. 


And a fraction having a digit in the place of primes, ſe- 
conds, thirds, fourths, fc. 


The index of its logarithm wil! be —1, —=2, —3, —4, 
c. 


It may a'ſo be obſerved, that though the indices of 
fractional quantities are negative, yet the decimal parts 
of their logarithms are always affirmative; and all ope- 
rations are to be performed by them in the ſame manner 
as by negative and afirmative quantities in algebra, 
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In taking out of a table the logarithm of any number, 
not excec ing 10009, we have the decimal part by in{pec- 
tion; and 1: to this the proper characteriſtic be aſhxed, 
it will give the complete logarithm required, 


But if the number, whoſe logarithm 1s required, be 
above 10099, then find the logarithm of the two neareſt 
numbers to it that can be found in the table, and ſay, as 
their difference: the diference of their logarithms :: 
the difference of the neareſt number ard that whoſe 
logarithm is required { the difference of their logarithms, 
nearly; and this difference being added to, or ſubtracted 
from, the neaeſt logarithm, according as it is greater 


or leſs than the required one, will give the legarithm 
required, nea'ly. 


Thus, let it be required to find the logarithm of 
367182“ 


The decimal part of 3671 ts, by the table 5647844 ; and 
of 3072 15 .5049027 z 
„ The f 367100 7 5.504844 
log. T 367200 rs 5.50 497 


— 


Their df. 100 . 0001183 . 
Ac: re/? N 357200 
Ci N \ 2675182 


18 4, . 


2 
—_— 


* This method, being founded on the ſuppoſition that the loga - 
rithms cf all numbers between 36710 and 367209, increaſe or de- 
creaſe, equally, according to their diſtance from 35710 or 35% co, 
Is not trietly true, but nearly ſo; and the greater any numb2's ares 
proporty onal. And, thercf-re, though this method will not Wes the 
exact logarithm, yet it will be 2 very near approximatien, and i: {uf. 
ticiently exact for moſt practical purpoſes, 


8 
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T herefore 100: 0001182 22 18: ,0000212, 

And 5 .56499027—,9000212=5.:;048815= logarithn: 
of 307182 near:y, 

If the number conſiſts both of integers and fractions, 
or is entirely fractional, find the decimal part of the 
logarithm as if all its figures were integral; and this, 
being prefixed to the proper characteriſtic, will give the 
logarithm required. 

And if the given number is a proper fraction, ſubtract 
the logarithm of the denominator from the logarithm 
of the numerator, and the remainder will be the loga- 
rithm ſought; which, being that of a decimal fraction, 
muſt always h.ve a negative index. 

And, if it is a mixed numhb-r, reduce it to an impro- 
per fraction, and find the difference of the logarithms 
of the numerator and denominator, in the ſame manner 
as before. 

In finding the number anſwering to any given lo- 
garithm, the index, if Ar native, will always ſhew how 
many integral places the required number conſiſts of; 
and, if »-gative, in what place of decimals the fir{t, or 
ſignificant figure, ſtands; to that, if the logarithm can 
be found in the table, the number aniwering to it will 
always be had by inſpection. | 

But, if the logarithm cannot be exactly found in the 
table, find the next greater, and the next leſs, and then 
ſay, As the difference of theſe two logarithms : the 
difference of the numbers anfseriug to them :: the 
difference of the given logarithm and the neareſt tabular 
logarithm ? a fourth number; wuicu added to, or ſub- 
traded from, the natural number anſwering to thu near- 
eſt tabular logarithm, accoruing as that Jopurthm is leſs 
or greater than the given one, will give the number re- 
quired, vcarly. 

Thus, let it be required to find the natural number 
anſwering to the logarithm 5. 5945815, 


— 


OF LOGARITEMS. 195 


Te next leſs and greater logarithms, in the table, are 


5.5647844 The numbers { 267100 
8.5690 7 anſwering 367200 


——— ͤ gi2g ͥͤ ʒmꝛ2ĩ½2ͤ 


Their diſf.. ooo i183 100 
And 5. 56490275. 56488 15 . 00. 
Therefore .0201183 } 100 3! ,coooz12 : 18 nearly. 
Whence 367 200—18=377182= number required &. 


MULTIPLICATION py LOGARITHMS. 


RULE, 


Add the logarithms of the ſactors together, and their 
ſum will be the logarithm of the pioduct required. 


Obſerving to add what is to be carried from the de- 


cimal part of the logarithm to the ſum of the affirmative 
indices : 


And that the difference between the afirmative and 


negative indices is to be taken for the index to the lo- 
garithm of the product. 


— — 


* DireQions, at large, for the uſing of logarithms, may be found 
in moit of the common tables upon this ſubject.— N eræuin's Mathe- 
matical tables, of the Edition 741 or 1742, are reckoned the moſt 
correct and convenient, ſor practical purpoſes, of any now extant, 
except thoſe of Dr. Hutton, lately publiſhed ; which, beſides their 
accuracy, are meli better arranged; and, in the two firſt degrees the 
fines, &c. are piven to every tecond. He has allo a table of hyperbolis 
Loparitims, and ſeveral others equally uſeful, 
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EXAMPLES, 


1. Let the number 256 be muliiplied by 
The ig. of 256 2.400400 
The los. of 4 = 0.602c000 


_— 


& · 


The product =1024 .3.0194090 


2. Let the number S.; be multiplied by 10, 
T log. of 8.5 = . 9294189 
Te log. of 10 = 1.0000000 


g Tie product 86. 1. 9294189 


3. Let the nun ber 46.75 be multiplied by. 3275. 
The log. of 46.75 = 1.6097816 
Tae log. of .3275 ==—1-5152113 


Toe product 15. 312 1. 1849925 


4. Multiply 3.768, 2 053, and . 007693 continually 
together. | 
The log. of 3.798 = 0.5761109 
Tre t. of 2.053 = 0.:123889 
Thc | g. of 007643 —3. 8800997 


The roduct =059511-+—=2.7745955 


5. Multivly .5, .4, and .12, continually together, 
T's og. of 5 221.6989700 
Tie log. of 4 =-—1.602c.600 
The log. of 12 =—1.079i812 


T he friduct . 024... 2.3802 112 


OF LOG ARITHMS. 197 


DIVISION ry LOGARIT HMS. 


RULE, 


From the logarithm of the dividend ſubtract the lo» 
garithm of the divifor, and the nu ber agreeing to the 
remainder will be the quotient required, 


But obſerve to change the index of the diviſor from 
negative to affirmative, or from affirmative to negative, 
aud then the difference of the affirmative indices mult be 
taken for the index to the logarithm of the quotient. 


And, alſo, when an unit is borrowed, in the left hand 
place of the decimal part of the logaritam, add it to the 
index of the diviioi ; but if it be negative, ſubtract it; 
and let the index artung from thence be changed and 
worked with as before. 


EXAMPLES, 


1. Let the number 56 be divided by the number 4. 


The log. of 56 = 1.7481880 
1 hes log. of 4 = 0 6020600 


The quotient = 14. 1. 1401280 


2. Let the number 50.75 be divided by the number 
E | 
The log. of 50.75 = 1.7054 302 
Tos log. 25 = =—1 3979490 


_ 


Te quatient 2 2.074960 
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3. Let the number .24 be divided by the number 80, 


The leg. if 24 =—1.3802112 
The log. of 80 = 1.,9030900 


—_ 


The quotient 4005 ....—3:477 1212 


4. Let the number .o1265 be divided by the numbæ 
35. 
The log. of . 1265 = —2.102c905 
The log. of 35 = —1.7403927 


The quotient =.023.., —2.3617278 


INVOLUTION BY LOGARITHMS. 


R UL E &, 


1. Seek the logarithm of the given number in the 
table. 


2. Multiply the logarithm, thus found, by the index 
of the propoſed power. 


3. Find the number correſponding to the product, 
and it will be the power required. 


Vote. In multiplying a logarithm with a negative in- 
dex, by any affirmative number, the product w always 
be negative: 

But what is to be carried from the decimal part of the 
logarithm will always be aſticmative : 

And thereſore their difference will be the index of 
the product; and is conſtantly to be made of the fame 
kind with the greater. 


ems i. — 


8 —— cs, — — —— —ä — — 3— —„— 


The rule of proportion is performed by adding the logarithme 
ef the two laſt terms, and ſubtracting the logariihra of the firſt. 


OF LOGARIT IMS. 


EXAMPLES, 


-4 


Required the ſecond power of the number 3.874. 
1 be los. of. 3.74 ='0. 5290925 


The index = 


The power — 15.001 11763192 


Rcquired the third power of the number 2.768. 


ve 


The log. of 2.708 = 0.4421661 


The index = 3 


The power = 21.21 . . + « 1.3204983 


Required the third power of the number . 7916. 


The log. of 7916 2 —1. 8985058 
The index = 3 


— 


The porwer . 4961. , —1.6555174 


4. Required the twelfth power of the number 1.539. 


The log. of 1.539 = . 1872386 
The index = BY 


The power = 176.65. . 2.2468632 


5, Required the 2oth power of 1.05, 
Anſ. 2.0533, Ce. 


6. Required the 100th power of 1.05. 
Anſ. 131.50, Wc 
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EVOLUTION By LOGARITHMS. 


RULE, 


1. Seek the logarithm of the given number in the 
table. 


2. Divide the logarithm, thus found, by the deno- 
minator of the index of the root propoſed, 


3. Find the number correſponding to this quotient, 
and it will be the root required. 


Note, When the index of the logarithm, to be divid- 
ed, is negative, and does not exactly contain the diviſor, 
increaſe it by ſuch a number as will make it exactly di- 
viſible, and carry the units borrowcd, as ſo many tens, 
to the left-hand place of the decimal, and then divide as 
in whole numbers. 


EXAMPLES, 


1. Required the ſquare root of the number 225. 


The log. of 235 = 2-45 21926 
Therefore 2) . 3521825 


The root = 15 . 1.1760912 


2. Required the ſquare root of the number 1501, 


The log. of 1501 = 3.1763%7 
Therefore 2) 3. 1763307 


The root = 38.74. 1.581903 
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3. What is the cube root of the number . 166375 
The leg. of 166375, =—1.2210781 
Therefore 3)-—1.2210901 


Te- 1 55 5 „6 0 „ „ — 7453577 


4. What is the ſquare root of che number . 081627 


The log. of . 08 162 =—2.91 17966 
Therefore 2) —2. 9117966 


The roct = 2857 .... 14558983 


5. What is the twelfth root of the number 176.62 
The tog of 176.6 2. 2469907 
Therefore 12)2. 40 907 


The root = 1.539 + . « 1872492 


MISCELLANEOUS QUESTIONS. 


1. A perſon being aſked what o'clock it was, an- 
ſwered, that it was between 8 and 9, and that the hour 
and minute hands were exactly together; what was the 
time ? 7 I 
Anl. 8: 43: 3875» 

2. Divide the number go into two ſuch parts, that 
2 of one part, added to 4 of the other, may make 40. 

Anſ. 20 and zo. 


3. What two numbers are thoſe, whoſe difference is 
12, and their ſquares equal to cach other? | 

An. +6 and —6, 

4. There is a certain number, conſiſting of two 

places, wlich is equal to the difference of the {quares 

of its digits; and if 36 be added to it, the digits wall 

be inverted; quiere the gumber ? Ati. 48. 


hundred weight. 
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5. Given K 4. * = 31, and y*+a*=17; to find 


and y. An x=3 and y==2. 
6. Given yi—xy=6Cf6, and x*+ xy=406 ; to find » 
and y, Anſ. x =7 and y=9. 


7. Given the ſum of three numbers, in harmonical 
proportion, 26, and their continued product 576; 
to find the numbers. Anſ. 12, 8, and 6. 

8. What tuo numbers are thoſe, whoſe difference, 
ſum, and product, are to each other as the numbers 2, 
3, and 5, reſpeQively ? Anfſ. 2 and 10. 

9. * To find that number whoſe cube being ſub- 
tracted from its ſquare, ſhall leave the greateſt remainder 
polſible ? ; Anſ. 3. 

10. It is required to find the leaſt 3 whole numbers, 
ſo that 3 of the firſt, Ir of the ſecond, and 20 of the 
third ſhull be all equal to each other. 

Ai 280, 294, and zoo. 

11. Given zx*+xz*=290, and x*+z*=541 3; to 
find x and x. Anſ. a =, and xz 2. 

12. Given the ſum of three numbers in continued 
geometrical progreſſion 39, and the ſum of their 
ſquares 2819; to find the numbers. Anſ. 3,9, 27. 

13. Required the lealt number of weights, and the- 
weight of each, that will weigh from one pound to 29 


Anſ. 1, 3, 9, 27, $1, 243, 729. and 2187. 
14. Required two numbers ſuch, that their ſum ſhall 
be equal both to their product and the difference of 


their ſquares. Ans. 2.618034 and 1.613054. 


15. It is required to find the leaſt 4 affirmative inte- 
gers ſuch, that the ſquare of the greateſt may be equal 
to the lum of the ſquares of the other three, 

Auſ. 3, 4, 12, and 13. 


—_— 
— 


—_— 
„ 


* This is properly a queſtion in fluxions, but it is anſwered alge- 
braicolly by Me. Emerſon, as well as ſeveral others of the fam: 
nature. 
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16, If money be lent, at three per cent, 
To thoſe who chuſe to borrow, _ 
In what time ſhall I be worth a pound, 
If I lend a crown to-morrow ? 
Anſ. 46.90036 year:, allowing comp. int. 


17. Required the two leaſt nonquadrate numbers, x 
and y, ſuch, that a˙ ＋h and à 495 ſhall be both ſquare 
numbers, Anj. = 304, and y=273« 


18, There are three numbers in geometrical propor- 
tion ſuch, that, if the mean be ſubtracted from the ſum 
of the two extremes, the remainder multiplied by the ſum 
of the ſaid two extremes will be 9; but, if that re- 
mainder be multiplied by the ſum of all the three num- 
bers, the product will be 133; it is required to find the 
three numbers by a ſimple equation. Anſ. 4, 6, and 9, 


19. To determine two numbers whoſe ſum ſhall be a 
cube, but their product and quotients ſquares. 


Hiſ. 4 and 14, 100 and 25, 990 and loo. 


20. Required that arithmetical progrefſion whoſe num- 
ber of terms is 10, ſum of the terms 185, and the ſum 
of the cubes of the terms 104525. 


Anſ. 5, 8, 11, 14, 17, 20, 23, 20, 29, 32. 


21. To divide a given number (x) into 4 fuch parts, 
that if any other number (z) be added to the firſt part, 
deducted from the ſecond, muluplicd by the third, and 
the fourth part divided by it, the ſum, difference, pro- 
duct and quotient, ſhall be all equal to each other. 

tf. N t 3 NZ ks N 2 N n 
at (n+21)* (n+1)*  "(n+3)* (a+ 1) 


22, Given & t, = 51: go, and x%y—p*x=5500 5; 
to find x and y. Auſ. x=25 and y=20. 
23. Given x+y+22=6, xyz H n =I, and xyz= 
55 to find x, y, and 8. Anſ. $=3, y=1, and 82. 
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24. To find two numbets in the ratio of 5 to 7, 
which, being reſpetiive'y divided by 9 and 13, fhall 
leave 3 and B for remainders. Anſ. 2.0 und 294. 


. To find three numbers ſuch, that + the firſt, + the 
890 and + of the third, ſhall be 262; + of the rſt, 


- Oi the ſecond, and + of the third ==47 ; and ? 7. of the 
rt, + of the ſecond, "and 4 of the thirei =38, 
Anſ. 24, vo, ond 120, 
26. A, B, and e, are to ſhare 100,090 pounds between 
them, in the proportion of “, 4. ande, reſpeQiv.ly ; 
hut c's part being loft by de:th, it is required to divide 
the whole ſum properly between che other two. 
Auſ. as fb. re is 5714223. and B's 42857 37,1. 
27. To find four numbers, + , z aid av, having the 
product of every three given; viz, g 231, 4ywaz420, 
J2waz1540, and row... 000, 
Al. FZ=7 5 , It, an=20; 
28. To find four numbers in geometrical proportion, 
whoſe ſum is 15, and the ſum of their ſquare 85. 
Anſ. 1, 2, 4, 8. 
To find three no:mbers, x, y, ard z, when the 
produd of cach by the ſum of the other two are given; 
viz. xX(y+2)=43, yX(+x+2):=39, and * +») 
=63. af. x41. $==3, and £=9, 


30. What number is that, which, being any how di- 
vided, & ſquare of one part, when added to the other 
part, {ail always de a {quare number? Anf. 1 oniy. 

3it. Giver y3+2=127, 3 +x=135, and x3 +334 27 
=1133; to find x,y, and z. Anf. x Io, M5, ands=2, 

32. Given ** eO, * H yzz=6g, and 2*+x2== 
380 to find x, v, and 2. Auf. X=9, Y==3 and $= 20, 


33. To find -o mean proportionals between any two 
given numbe:'s a and 6. An. Vai and Va. 
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24. Given x+yz=384, y+x2=237, and z+xy= 
192; to find x, y, =. Ar}. x=10, y=17, and #==22. 
35. To find the leaſt number, which, being divided 
by 6, 5, 4, 3, and 2, ſhall leave the remainder 5, 4, 3. 
2, and 1, reſpectively. Anſ. 59. 
36. To find three numbers ſuch, that the ſum or dif- 
ference of any two cf them ſhall be ſquare numbers, 
Anſ. 1873432, 2399057, and 2288 168, 
27. To find two ſquare numbers ſuch, that their ſum 
may be a ſquare, and their difference a cube, and the 
fide of the ſaid ſquare and cube equal to each other. 
Auſ. ts, and 15655 
38. To determine the number of fifteens that can be 
made out of a common pack of 52 cards. An. 17264. 


29. Given the rates à and 6 of two ingredients, and 
the rate c of the compound zz, to find what portions x 
and y of each mult be taken to compoſe the mixture. 
cb I 
ä 

40. Given x*+xy+3z*=1089, and x*+x% ＋ 
4577295 to find x and q. Anſ. x=21 ard y=17q, 

41. Given x+y+2=78, x*+y*+z*=2546, and 
ay—x2——=)Z=$27; to find , y, and 2, 

. X=41, y=28, and 2=9. 


Anſ. x=m X 


42. Given x+y=152, and — x Lang 3 = 
8192; to find x and y. Anſ. x=108, and y=44, 


43. To find three numbers ſuch, that if to the ſquare 
of each the product of the other two be added, the ſums 
mall be ſquares, Anſ. 73, 9, 328. 

44. Let the number of cards in a. pack (y) be 


diſtributed into any number of heaps ), by laying 
as many cards upon the bottom heap as are ſufficient 


T 


oa” when, Sos 
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to make up its number 9; then, by having the number 
of cards remaining in the dealer's hand (>) and the rum- 
ber of heaps (2) given, it is required to find the ſum of, 
all the bottom cards, 


Ans. (q+1) xn+(r—:) = ſum required. 


45, To find 3 numbers ſuch, that if each be ſubtractt d 
from the cube of their ſum, the remainder ſhall be 
cubes, Av. 11781, $2467, and $1952 

46. Given the cycle of the ſun 18, the golden number 
8, and the Roman indiction 10; to and the year. 

| 42. 1717. 


47. To find 3 cube numbers ſuch, that their ſum 
ſhall be both a ſquare and a cube number: and if that 
ſum be ſquared it ſhall be a cube, and if it be cubed it 
ſhall be a ſquare. 45 . — . 

8 27 4106 


48. To find 3 numbers ſuch, that if each be added 


to the cube of their ſum, their ſums ſhall be cubes. 


23625 1538 15577 
Anſe TF ITS K, T5743 69) T3134 64 


49. With guineas and moidores, the feweſt, which way, 
Three hundred and fifty-one pounds can I pay? 
If paid every way 'twill admit of, what ſum 
Do the pieces amount to ?—my fortune's to come. 
Anſ. 9 guineas, ard 233 moidor's; and 37 ways, 
u ich is =12487/, 


go. Given „v =2xi=100 ; to fiad the value of x 
and y. | Anſ. x = 47.706 and 2=1.42. 


£2. Given x**—21x** + 147x*=3106, to find the va- 
lue of x. | A. X 2. 


1 
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52. Given 440 KJ 1; to find x and 2 in 
Whole numbers. | 
Ae. x 482981221781 4 2=849i 781142001» 


53. To find three whole numbers ſuch, that the ex. | 
ces of the greateſt above the middle number ſhall be to | 
the exceſs of the middle number above the leaſt, as 3 | 
to 1: and alto that the ſum of every two of theſe ſhall 
be ſquares, Af. 4 X 1302, 4" X402, and qu X82, | 


54. Given x +y=a (2), and x? . = (32), to find x 
and y. by quadratics. 
Anſ. x=1.4997175 and y=.5302824. 


55. Given «Y = soo, and y*=300; to find x and y. 
Anſ. x 4.6914 and y=5.5102, 


56. Given xy x({x+2)*--309, x2 X (y+2)*=1296; 
and yz x (x +y) *=432 3 to find &, y, and x. 
A =I, y=3, 2 29. 


57. Given wi+x+y+z=5;7, X ＋EyT K 1763, 
wwHx+y* =1350, asd rr 163; io 
aud Xy Y, 2 and av. 

A. xZ=14, HII, 5, and urg. 


\ 


58. Given x+y=1750, az+3jv=22708, av+yz= 
12292, and azv+w2y—159252; to find x, y, z, and . 
Anſ. x=1743, J=7, Ig, and Vv=7, 


59. Given 5x+7y+92=93255; to find all the dif- 
ferent ſolutions in aftirmative integers which the equation 
will admit of. Anſ. 13801148. 


60. To find a ſquare number ſuch, that the ſum of all 
its aliquot parts ſhall be a ſquare number. A. 2401. 


61. To find two ſquare numbers ſuch, that either of 
them, when added to its aliquor parts, ſhall make the 
ſame ſum, Anſ. 106276 and 165649. . 


208 MISCELLANEOUS QUESTIONS. 


62. To find three cube numbers ſuch, that their ſum 
may be both a ſquare and a cube number. 


Arſe zen, and 2555526 

63. To find 4 whole numbers ſuch, that the difference 
of every two ſhall be a ſquare number, 

Anſ. 1873432, 2288168, 2399057, and 6560657. 

64. To find three numbers ſuch, that if their ſum be 


multiplied by the firſt, it ſhall be a triangular number, 
by the ſecond a ſquare, and by the third a cube. 


An. 3» &, and 8. 
65. To find three biquadrate numbers, the ſum of 
which ſhall be a ſquare. Anſ. 127, 15“, and 20, 


66. To find a right-angled triangle ſuch, that its pe- 


rimeter ſhall be a cube, and the perimeter together with 
the area a ſquare.. 


Anſ. Perp..=*%FF » baſe = , byp. = $3548, 


67. To find two different iſoſceles triangles ſuch, that 
their areas and perimeters ſha} be both equal. 


Anſ. Sides of the one = 29, 29, 40. 
Ditto of the other = 37, 37, 24. 
d % 


THE END. 


T. Fens'ey, Printer, Bolt Court, Fleet Street, London- 


